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ARTICLES 

Roads and Wheels 
LEON HALL 

University of Missouri-Rolla 
Rolla, MO 65401 

STAN WAGON 
Macalester College 

Saint Paul, MN 55105 

Introduction 

San Francisco's Exploratorium contains an intriguing exhibit of a square wheel that 
rolls smoothly on a road made up of linked, inverted catenaries (see FIGURE 4). That 
exhibit inspired us to generate a computer animation of a rolling square and further 
explore the relationship between the shapes of wheels and roads on which they roll. 
In a sense, we are bringing up to date the paper by G. Robison [4], showing how 
much more can be done, both numerically and graphically, with modern computer 
hardware and software. The problem of the square wheel has been rediscovered and 
solved several times; see [5, 7]. 

All the diagrams and animations were prepared in Mathematica. Our package that 
generated the diagrams and the associated animations (see Section 5) can be obtained 
by sending a Macintosh disk to one of the authors. It is noteworthy that some of the 
results of this paper, in particular the discovery of a cycloidal locus generated by a 
noncircular wheel, were discovered only after viewing certain graphics. Mathematica 
was also used to do all the symbolic integrations that occur. For further applications 
of symbolic and graphic computation to wheel/road problems, in particular, a 
complete discussion of the cycloid, see [6, Chapter 2]. 

The paper is organized as follows. Section 1 discusses the theory and the funda- 
mental differential equation. Section 2 contains many closed-form examples. Section 3 
shows how numerically approximating the solution to the differential equation is an 
excellent approach to diverse examples, even those solvable in closed form. Section 4 
squares the circle by considering Fourier approximations to the catenary. And Section 
5 discusses the Mathematica package that we built. 

1. Building a wheel 

Suppose we are given a road in the form of a rectifiable curve in the lower half-plane 
parametrized by f(t) = (x(t), y(t)), where x(t) is increasing, x(O) = 0, y(t) < 0. By 
the wheel corresponding to the road we mean a curve that will roll smoothly on the 
road. More precisely, a wheel will be a curve given by a polar function r = r(6) such 
that the axle of the wheel, which initially is at (0, 0), stays on the x-axis directly above 
the wheel-road contact point as the curve rolls along the road. The wheel's axle may 
or may not coincide with the wheel's geometric center. The road is assumed to 

283 
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provide enough frictioni so that there is never any slipping of the wheel. The rolling 
motion can be described by a function 0 = 0(t) that describes the amount of angular 
rotation for the wheel to roll from f(O) to f(t). These functions must satisfy the 
following conditions (see FIGURE 1): 

1. Initial condition. The initial contact point is at f(O), directly under the origin, 
whence 6(0) = - r/2. 

2. Rolling condition. The amount unravelled on the wheel matches the distance 
travelled on the road: For any t, the arc length of f between f(O) and f(t) equals 
the arc length of the polar curve between 6(0) and 6(t). 

3. Radius condition. The radius of the wheel matches the depth of the road at the 
corresponding point: For any t, r(6(t)) = - y(t). 

FIGURE 1 illustrates the formation of the wheel in the case when the road is given 
as y =f(x), with f(x) nonpositive, in which case the conditions simplify accordingly 
(that is, x can be used as the parameter, and so 0 becomes a function of x). 

2 r =r((x)) 

x 
-2 X 2 1\4 6 8 10 

- 4-- 

FIGURE 1 
If a road is given by y =f(x), then the relationship between 6 and x is obtained from the 
equality of the arc lengths AB and AC and of the radius vector OC and the depth of the road 
(dashed lines). The road illustrated is given by y = - ? + cos x, where 4-7 has been 
chosen so that the wheel closes up on itself (see Remark 5). 

The key to getting a wheel is finding the function 6(t), since the radius condition 
will then yield r(6). The first two conditions become a simple differential equation, 
which can lead to either a closed-form description of 0 or a numerical approximation. 
The rolling condition is: 

(t( dx \2 (dy \2 J0(t) 2 

dt + dtj dt= r(6)2+(-j) do. 
/ / 7/2 

Differentiating both sides with respect to t and squaring yields: 

dX d2 /dy\2 (d6 2/2 (dr\2 
(dt) + (dd) =jdt) r(0) + dO 

Now substitute dd= - dY (obtained by differentiating the radius condition) to 
get: 

(dx 2+ dd r(0)2 ( ) ( dy 2 
~dtJ +dt Ir6 ~t) + dJth 
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which simplifies to: 

dO dx 1 
dt dt -y(t) 

Because d6/dt is to be positive, the differential equation we seek is: 

dO dx 1 
dt dt y(t)' 

with initial condition 6(0) = - T/2. 

Remarks. 

1. If the road is given by y =f(x), the differential equation for 0 becomes simply 
d6/dx = - 1/f(x). In this case 

o(X)=f )dx-2 f() 
J (x) d-2 

2. If the function 0(t) can be inverted to t(6) then the wheel is given by the polar 
equation r = -y(t(6)). 

3. An alternative approach to characterizing 0(t) proceeds by matching slopes instead 
of arc lengths. The rolling condition then becomes: For any t, the slope of the road 
at f(t) equals the slope of the tangent to the polar curve at 0(t), rotated clockwise 
through 0(t) + r/2 radians. This leads to the same differential equation. 

4. The inverse problem starts with r(6), a polar representation of a wheel, and seeks 
the appropriate road. The preceding discussion implies that the road is given by 
y(x) = -r(6(x)), where 0 satisfies 6(0) = -7T/2 and d6/dx = 1/r(6). One can 
also deal with tibe case that the wheel is given parametrically by (x(t), y(t)); see 
Case 4 in Section 3. 

5. Suppose the road y =f(x) is periodic with period a. Then the corresponding 
wheel does not necessarily close up on itself to form a topological disk (see FIGURE 

2). The condition for such closure-the closed-wheel condition-is that there 
exists a rational number r so that 2rr = 0(a) - 6(0) = jg - l/f(x) dx. If r = 1/n, 
n a positive integer, then the wheel rolls over n periods of the road during each 
complete revolution. As an example, consider the road given by y = d + cos x, 

4-2 
2-4 

7r/> 27r 37r 

FIGURE 2 
The wheel for a cosine road given by - 3.5 + cos x winds around endlessly without closing tip, 
because 3.5 is not one of the special values 1 + n2. This wheel was generated by the 
numerical technique discussed in Section 3. 
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where d < - 1. For each positive integer n, there is a unique value of d, which 
turns out to be - V1 + n2, for which the wheel closes up into one that covers n 
periods per revolution. (See FIGURE 1 for the n = 4 case and FIGURE 13 for the 
n = 1 case.) To see that the values of d in the cosine case are as claimed, obseive 
that f(2 r - _/(d + cos x) dx = 2w/ Vd2 - 1 . It is easiest to integrate from 0 to v 

and then double. More generally, the road y = d + b cos(cx) yields a closed wheel 
that covers n periods when d = - Vb2 + n2/c2. Cycloid roads and inverted 
cycloid roads provide two more examples in which the closed-wheel condition 
integral can be evaluated (see FIGURE 9(c) for the n = 0 case, and FIGURE 19(d) 
for a fractional example, viz., n = 1/2). The closed-wheel condition has a com- 
pletely analogous form in the Case of a parametrically defined road as well; see the 
cycloid example in Case 3 of Section 3. 

2. Closed-form solutions 

This section discusses several examples for which the differential equation can be 
solved in closed form. It is remarkable that, although the arc length of familiar curves 
is generally not solvable in closed form, the wheel-road problem is solvable for a 
wide variety of functions. 

Polygonal wheels The roads corresponding to polygonal wheels are derived from 
the case of a wheel that is nothing more than a straight line. Consider the polar 
equation r = - csc 0, - r < 0 < 0, whose graph is a horizontal line one unit below 
the x-axis. The results of Section 1 show that the road on which this polar line will 
roll is given by y =f(x) = -r(6(x)) where 6(0)= -v/2 and 

dO 1 1 
dx -y(x) r(6(x)) 

The solution to this initial-value problem is x =-log( - tan(0/2)), or 0 = 
-2 arctan e - X. Hence the road is given by: 

y =f(x) = csc( -2arctan e-x) 
-1 -1 

sin(2arctan ex-) 2sin(arctan e-x)cos(arctan ex-) 

1+e -2x ex+e-x 
=- 2 -x =- 2 =-coshx, 

whose graph is an inverted catenary. This means that the polar line will roll on the 
catenary so that the polar origin, which we imagine as attached to the line, stays on 
the x-axis. 

Modifying the straight-line example yields roads for wheels that are regular 
polygons. Consider the square wheel. By simply truncating the catenaiy where its 
slope is ? 1 -this occurs at x = + arcsinh 1 -and forming a periodic road by 
translating copies of the truncated catenary, the angle at the junctions will be 90? 
Hence a square will smoothly pass over the junction. FIGURE 4 shows several images 
from an animation of a rolling square on such a road, along with the locus of a vertex, 
which is related to the involute of the catenary. 

The road appropriate for a regular n-gon may also be obtained from the catenary 
y = - cosh x. If the catenary is truncated at x = + arcsinh[tan(&/n)] then the angle 
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at the road's cusp matches the interior angle of the n-gon, and the amount of rotation 
to get the wheel into the cusp is @(x) + 7r/2. This works out to be exactly 27r/n (the 
details, which involve a horrendous-looking identity involving tan, arcsinh, and arctan, 
are left to the reader). So the wheel corresponding to the road made of pieces of 
inverted catenaries closes up exactly into a regular n-gon. The case of a triangle is 
noteworthy in that the rolling cannot happen physically: Because the cusp angle is 
less than 900, the triangle will crash into the road before the vertex gets into the cusp 
(FIGURE 5). 

x = - 1.226 x = - 0.522 x = 0 x = 0.522 x = 1.226 x = 3.34 
= -2.57 6 = - 2.07 = -ir/2 = -1.07 6 =-0.57 6- -0.07 

FIGURE 3 
Some stills from an animation showing the polar line r = - csc 6, - i < 0 < 0, rolling over the 
catenary y = - cosh x. The x-values and 6-values correspond to the x-coordinate of the point 
of tangency and the 6-value of the point of tangency viewed as a point on the polar line. Adding 
ir/2 to the 6-value yields the amount of rotation of the horizontal line. 

FIGURE 4 
A road made up of pieces of an inverted catenary allows a square to roll smoothly. The dots are 
the locus of a vertex during the rolling. Note that the slope of the tangent to the locus has a 
discontinuity at the cusp. 

FIGURE 5 
A vertex of a rolling triangle crashes into the road just before the vertex arrives at the cusp. The 
rightmost diagram is a close-up of the collision. 
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As we shall see several times in this paper, the depth of a road plays a crucial role 
in determining the shape of the wheel. If the catenary road y = - cosh x is raised or 
lowered, the shape of the wheel changes. Consider the family of roads k - cosh x 
where k < 1. If k = 0, then the wheel is a straight line, but other values of k yield 
radically different wheels, as shown in FIGURE 6. The closed-form solution, obtained 
with the help of Mathemnatica's integrator, is given by 0(x) =(x) - k(0) + 7/2 
where 

e-x - k -2 arctan cA-k ) 
+(Px) = 21 - k2 

10 10 

7.5 
7.5 

5 

5 
2.5 

-4 -2 2 4 . -4 -2 2 4 
-1 -2-1 1 2 
-2- 

-2 1 2 
3 ~~~~-2 

-3 -2.5 
5, ~~~~~~~~~~~~-.5 

-6 -4.- 
7 10 

roads: y =- 1 - cosh x 0.9 - cosh x 0.7 - cosh x 0.676454 - cosh x 

FIGURE 6 
Raising or lowering a catenary road via k - cosh x leads to a variety of wheel shapes. Only the 
choice k = 0 leads to a straight-line wheel. The wheel in the last case has vertical asymptotes. 

Tilted roads Let f(x) = - 1 - x, x > 0, define a downward-sloping road. The solu- 
tion to the initial-value problem for 0 is then 0(x) = log(x + 1) - r/2. Therefore the 
wheel for this oblique line is the equiangular spiral r(0) = 1 + exp(0 + 7/2) - 1 = 
exp(0 + '/2), which is shown in FIGURE 7. In the general case that the road is given 
by -1 - mx, the wheel is the spiral given by r = exp[(0 + Ir/2)/m]. 

As with the catenary, we can turn the 450 road into a periodic function, in this case 
a sawtooth. In order to get a smoothly rolling wheel that covers four teeth of the road 
in one revolution, we need to find x such that 0(x) = -r/4: 0(x) = -/4 if and 
only if log(x + 1)- w/2 = -IT/4 if and only if x = eT/4-_ = 1.1..... Now we can 
cut off the straight line at this point, generate a sawtooth road, and paste appropri- 
ately truncated pieces of the spiral together at right angles to get the sawtooth wheel 
shown in FIGURE 8. The pasting yields 900 angles because the tangent to the 
equiangular spiral makes a constant 45? angle with the radius vector; these angles 
plus their mirror images yield the right angles. A wheel that covers more teeth during 
each revolution can be obtained by truncating the line at a value of x that satisfies 
0(x) = - 7r/n and pasting together more and shorter pieces of the spiral. 
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FIGURE 7 
An exponential, or equiangular, spiral rolling along a tilted line. 

FIGURE 8 
Pieces of an equiangular spiral can he pasted together to get a wheel that rolls on a sawtooth 
road. The examples shown cover four and five teeth- per revolution, respectively. 

Cycloidal roads The cycloid is the famous curve that is the path of a point on a 
traditional round wh-eel rolling on a straigh-t road; invertin-g the cycloid leads to the 
parametric curve f(t) = (t - sin t, cos t - 1). The wheel that rolls on an inverted 
cycloid can be found by solving the differential equLation dO/dt = (- 1 + cos 0 
(cos t - 1) = + 1, s0(t) is simply t - r/2. Hence the wheel is given in polar form 
by r = - y(t(6)) = 1 - cos(O + --/2) = 1 + sin 6, the polar formn of a cardioid (FIcURE 
9(a)). The cusp of the cardioid rolls over the cusp of the cycloid, at least in theory. In 
practice, there is a crash between the road and the cardioid, similar to the one that 
happens with a rolling triangle (Fic;uRE 5). As pointed out by Robison, a physical 
model can be built so as to avoid the cusp problem by introducing pieces of a 
catenary into the road and a straight line segment into the wheel so as to bypass the 
cusps. See [4, F5GURE4] for details. 

The locus of the top point of the cardioid seemis to have the same general shape as 
a cycloid. As an exercise, the reader can verify that, indeed, this locus is a cycloid 
stretched vertically by a factor of 2. As ftother exercise, the reader can investigate the 
clover-like wheels that arise from lowering the cycloid so that the closed-wheel 
condition is iet. The case of (t - sin t, - 13/5 - cos t) is illustrated iDn FicurE 9(b). 
One can also consider the uninverted cycloid that is tangent to the x-axis from below 

(t - sin t, - 1 - cos t) - for which the wHeeeel is derived from the function: 

l1 o(+ ) = 1 + 2sinx i tpr 

This leads to a spiral wheel that requires infinitely many revolutions to pass over the 
cycloid's high point (FtcuRE 9(C)). Cycloidal roads are discussed flRtler in Case 3 of 
Section 3. 
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(a) 

(b) 

-0.6 0.6 

--21 -(.G0.2f . 

(c) 

FIGURE 9 
(a). A cardioid rolls on an inverted cycloid, and the locus of the point opposite the cardiod's 
cusp is a vertically scaled cycloid. The close-up view shows that, in actuality, a cardioid-slhaped 
tire would be punctured by the cycloid's cusp. (b) Lowering the cycloid leads to the 
clover-shaped -wheels. (c) A right-side-up cycloid touching the x-axis yields a wheel that takes 
infinitely many revolutions to pass over the cycloid's high point. 

It turns out to be worth considering more general cycloidal roads, such as 
trochoidal roads represented by (t - a sin t, - 1 + a cos t). The usual computations 
show that the wheel is given by r = 1 + a sin 0, a limaqon that, when a = 1, is the just 
discussed cardioid. This limaqon intersects the positive y-axis at (0, a + 1), points 
whose loci during the rolling are (t ? sin t, (a + 1)cos t). These loci are cycloids 
stretched in the y-direction. Note that there are two cases in which the stretching 
constant is 1-that is, the locus is an exact cycloid: The classical case a = 0, with 

FIGURE 10 
Rolling a limaqon along a trochoid yields an exact cycloidal locus. 
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straight road and round wheel, and the case when a = 2 (or - 2), where the road is a 
trochoid, the wheel is a limacon, and the locus of the top of the inner loop is an exact 
inverted cycloid (FIGURE 10). Are these the only two examples of road-wheel 
combinations for which a point on the wheel traces out an exact cycloid? 

A road that is its own wheel Can there be a road for which the corresponding 
wheel is congruent to the road and for which the rolling motion matches points that 
correspond under the congruence? Consider the road that is given by the parabola 
y = - 1/4. The differential equation yielding 0(x) is then d6/dx = 1/(X2 + 
1/4), for which the solution is (x) = 2arctan(2x) - r/2, or x = 1/2tan(r/4 + 
0/2). The polar wheel then has the form r(6) = - y(x(6)), which simplifies to 
r = 1/(2 - 2 sin 0). This last is the graph of the parabola y = x2- 1/4, which is the 
reflection of the road in the line y = - 1/4. FIGURE 11 shows this singular situation 
of a wheel rolling on itself. We leave the verification that corresponding points touch 
as an exercise. Robison [4] showed that this parabola is the only curve that has this 
property. 

Note that raising or lowering the parabola changes the shape of the wheel 
dramatically (see FIGURE 11). 

4 

2 2 

-2 -1 12 -2- 1 2 

-2 -2 - 

-4 -4 

road: y =-x2_ 1; road: y =x2_ 1 road: y =-x2_1 
wheel: y = x2 1 

4 

FIGURE 11 
The wheel corresponding to the parabolic road given by -x2 - 

1 is simply a reflection of the 
road itself. But the wheels for other parabolic roads are not parabolic. 

Round wheels can roll on round roads A well-known puzzle can be interpreted as 
follows: What is the wheel corresponding to a road that is an upward-opening 
semicircle whose highest points are on the x-axis? Such a road is given by f(t) = 

(cos t, sin t), 7 < t < 2rr. The differential equation for 0(t) is simply d0/dt = 1, so 
0(t) = t - 7/2 and r(0) = - sin(0 + 7/2) = - cos 0, 7/2 < 0 < 37/2. Thus the 
wheel is a polar circle with geometrical center at (- 1/2,0). The aforementioned 
puzzle is the one that asks for the locus of a point on the circumference of a circle that 
is rolling in a way tangent to the interior of a circle twice as large. The locus is a 
straight line, which shows itself in FIGURE 12 as the vertical lines in the arch-shaped 
locus. 
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FIGURE 12 
A circle rolls on inverted semicircle. The dotted paths are the loci of two points in the wheel's 
circumference. 

Off-centered elliptical wheels Consider the ellipse given in polar form by r = kE 
(1 - 8 sin 0), where 0 < 8 < 1 and k > 0; the origin, which corresponds to the axle of 
the wheel as it rolls, is one focus of the ellipse, the other focus is on the positive 
y-axis, 8 is the eccentricity, and k is the distance from the origin to the corresponding 
directrix. Such an elliptical wheel rolls on the road y = - (k e/a')(l - e cos( cx)), 
where c = a/ky and a = /P 8. The derivation of this is slightly complex. Here's a 
sketch: 

1. Solve the initial-value problem to get 

ax = rtntan(O/2) -8 
E__actn 

_ 

2k* = arctan( a a 

2. Take the tangent of the relationship in (1) and use some trig formulas to get 

1 + -cos2 (cx) 1 I-sinGO 
18 (+ COS(CX))2 2 -sinG 

3. Solve the preceding for sin 0, substitute into 

y(x) = -kE 
I1- 8sinG(x) 

and simplify to get the desired representation of the road as (ko/a2)(1 _ 8 COS(CX)). 

If we set k = 1 and 8 = 1/one then the road is just y = - + cos x (see FIGURE 

13); this is a special case of one of the proper depths to lower the cosine so as to get a 
closed wheel (see Remark 5 in ?1). 

FIGURE 13 
An ellipse rolls on a cosine curve. In the example shown the road is given by ycomp + Cos x 
2akn the ealni en has the plrelt form r = 1/ t(ri - sin 0) 
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Centered elliptical wheels The preceding example involved an off-center elliptical 
wheel; that is, the axle is not at the ellipse's center. Let's now find the road on which 
an ellipse with centered axle will roll. The ellipse (x/a)2 + (y/b)2 = 1 has the polar 
representation r = b/ 1 - m cos2 0, where m abbreviates 1 - b2/a"; in this repre- 
sentation the polar center-the axle of the wheel-coincides with the center of the 
ellipse. We can find the appropriate road by first finding the relationship between x 
and 0; the differential equation for 0 separates to F1 - m cos2 0 dO = (I/b) dx and 
the initial condition then leads to: 

fO(x) d x dx 

-7T/2 1-mcos2 ob 

Substituting qf = 4 + 7/2 yields sin fr = cos 0 and 

JO(x)+ r/2 d if x 
Jo VI-msin2qf b 

Now this is an incomplete elliptic integral of the first kind [1, 17.2.2, 17.2.17]. 
Therefore x/b = F(0 + 7/21m), which can be inverted by using what is known as 
the Jacobian elliptic function sn: sin(0 + 7/2) = sn(x/b, m). The road is therefore 
given by y = -r(0(x)) = -b/l1 - m sn2(x/b, m) . The sn function is built into 
Mathematica, and so it is a simple matter to generate a diagram of the road and 
wheel. But some complications arise when one tries to use the closed foim to 
generate an animation; they can be worked around by adding multiples of Tr/2 as x 
increases through the quarter-period value. But life is much simpler if we use the 
numerical approach of the next section to generate the animation. It is easiest to start 
with the ellipse and use the Case 2 discussion, as that avoids the computation of 
values of sn. The result of one such computation is shown in FIGURE 14 (a = 1/2, 
b = 1, eccentricity = 0.87). Ellipses with eccentricities greater than about 0.97 lead to 
a road-wheel crash similar to the one for the triangle (FIGURE 5). 

FIGURE 14 
Four frames from an animation showing an elliptical wheel (a = ,b = 1) with its axle at its 
center rolling on a road defined using the elliptic sine function. 

An elliptical road We can consider bounded roads as well as roads that protrude 
above the x-axis. As one example, consider the ellipse given parametrically by 
(a sin t, - b cos t), where a and b are positive. The closed-wheel integral is 2 n-a/b, 
and integer values of b/a lead to closed wheels that are familiar curves. The usual 
calculation shows that t(0) is just (b/a)(0 + w/2), whence the wheel's polar form is 
r(0) = - y(t) = b cos[(b/a)(0 + w/2)], a polar rose (FIGURE 15(a)). The locus here 
was a surprise to us as it tuns out to be a piriform, which we had considered earlier 
in another context (?3, Case 4). If b/a is rational then the wheel is a rosette, as 
defined by Hall [2]. 
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(a) (b 

FIGURE 15 
(a). A four-leafed rose rolls inside the ellipse (2 sin t, - cos t), and the locus of the tip of a petal 
is a piriform. (b) The wheels corresponding to more general ellipses [shown here is 
(3 sin t, -2 cos t)] are rosettes. 

Vertical scaling We have seen in some of the preceding examples that raising or 
lowering the road usually changes the wheel significantly, and may destroy the 
closed-wheel condition. Another way to change the road is by scaling the y-coordi- 
nate: y =f(x) becomes y = kf(x), and x =fj(t), y =f2(t) becomes x =fj(t), y= 
kf2(t). The closed-wheel condition is affected as follows. 

1. If the a-periodic road y =f(x) has a closed wheel, then so does y = kf(x) for any 
positive rational scaling factor k. 

2. If the a-periodic road y =f(x) does not have a closed wheel, the scaled road 
y = kf(x) does have a closed wheel whenever k is a rational multiple of 

f 
2 It ) dx. 

Similar results hold for roads defined parametrically. 
As an example of scaling, consider the road y = (cos x) - b, b > 1. The scale factor 

1/ Vb2 - 1 produces a closed wheel. Note that the scale factor goes to zero as b goes 
to infinity, and that the scaled road approaches y = - 1. Since the wheels for these 
roads are ellipses, larger values of b correspond to wheels with smaller eccentricity. 

FIGURE 16 
A scaled cycloidal road has a cuspitate rosette as its wheel. 
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Another case where scaling gives interesting road-wheel pairs is an inverted cycloid: 
x = t + sin t, y = k(- 1 - cos t). Assume k is a positive rational. Then the wheel is 
given by r(Q) = k (I + cos[ k 0 + k r/2]). For k a positive integer these wheels are 
cuspitate rosettes, curves similar in appearance to standard polar roses, but having 
cusps at their center. For more about cuspitate rosettes see [2] and the references 
therein. 

Summary of some road-wheel relationships Here is a summary of road-wheel 
relationships including some not in closed form (12,13) and some whose derivations 
are left as an exercise for the reader (14,15,16). 

Wheel For-m of Road Locus 

1. Straight line Catenarv 
2. Regular polygons Piecewise catenaries 
3. Circle Horizontal line Cycloid/Trochoid 
4. Circle, axle on circumference Circle, radius doubled Circular arch 
5. Equiangular spiral Oblique line 
6. Piecewise equiangular spiral Sawtooth 
7. Ellipse, axle at focus Cosine 

8. Ellipse, axle at center 1/ 1 - (elliptic sine)2 

9. Parabola (x 2 - 1/4) Pairabola ( - x2 - 1/4) 
10. Cardioid; see FIGURE 9(a) Inverted cycloid Scaled cycloid 
11. Spirals, clovers; see FIGURE 9(b, c) Lowered inverted cycloids 
12. Pointed wheels; see FIGURE 19 Lowered cycloids 
13. Piriform See FIGURE 20 
14. Hippopede See FIGURE 18 
15. Roses, rosettes Ellipses Piriform 
16. Lirnagon Trochoid Cycloid 
17. Hyperbolic spiral [r = 1/(0 + -rr)] Exponential [y =-(2/ir)e-x] 

18. Cuspitate rosettes Scaled cycloids 

3. Generating solutions numerically 

As we demonstrated in the last section, surprisingly many road-wheel problems are 
solvable in closed form. When one deals with arc length, however, functions that are 
not integrable in terms of elementary functions eventually show up. In this section we 
describe how to generate plots of roads and wheels numerically. Our procedures will 
be described for Mathematica, but the methods, with the possible exception of the 
animations, could be adapted to other software with graphics capabilities. What is 
needed is the ability to apply a numerical differential equation algorithm and plot 
points and lines. 

The key step, as we have seen, is to solve the initial-value problem relating the 
road parameter and the polar angle. The differential equation involved is separable, 
but the resulting integrations can be daunting, even when feasible. Furthermore, we 
have often found this closed-form approach too slow to generate plots of the roads and 
wheels. A more efficient method is to solve the initial-value problem numerically 
using a standard Runge-Kutta algorithm; then a set of points defining the wheel or 
road can be generated with the help of the radius condition. The points are joined by 
lines to get the final image. The relationship between the road parameter and the 
polar angle is almost always nonlinear (an exception: a circular wheel rolling on a 
straight road), which means that constant velocity and constant angular velocity 
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cannot be achieved simultaneously. The use of a fixed step-size in the numerical 
method can guarantee that, in an animation, one of these velocities is constant. 

When animating one of these wheels rolling along its road, the relation between 
the polar angle 0 and the horizontal coordinate x must be known. The rolling can be 
broken down into two parts: a rotation, given by the change in 0, and a translation, 
given by the corresponding change in x. 

There are four cases to consider. Some stripped-down code for Case 1, the simplest 
case, is given in Section 5. 

Case 1. Suppose the road is given by y =f(x) and we want to generate the wheel. 
The initial-value problem is dO/dx = - I/f(x), 0(0) = - w/2. The Runge-Kutta 
method generates a table of ordered pairs (x, 0). This table and the radius condition 
are used to produce the wheel. 

Example. Let y = - 1.887365 - (2/3)cos x + sin x - (1/2)sin2x, where the con- 
stant term has been chosen so that the closed-wheel condition holds for one 
revolution per period. The wheel (FIGURE 17) is generated by using a Runge-Kutta 
method to solve the initial-value problem, taking the independent variable to be x. 
Thus, when animated, this wheel's axle moves with constant linear velocity. This 
example shows that wheels need not have an axis of symmetry. 

, ~~~3w/2j 

-r/2 1SS ' 7r 2,rr 

FIGURE 1 7 
This example shows that the angular speed during rolling can vary a lot. The wheel rotates 
quickly when it is above the high bumps in the road, as illustrated by the steepness in the 0 vs. 
x plot. 

Case 2. Suppose the wheel is given by r = g(0) and we want to generate the road. 
The initial-value problem is dx/d0 = g(0), x(- r/2) = 0. This time the numerical 
method gives pairs (0, x), and the road can be generated using the radius condition. 

Example. Let r = 45 - 4 sin2 0, a polar curve called a hippopede (see [3]). Again, 
Runge-Kutta is used to solve the initial-value problem, but this time it is convenient 
to take 0 as the independent variable. Thus, when animated, the wheel (FIGURE 18) 
would exhibit constant angular velocity. 

FIGURE 18 
The example of a hippopedal wheel illustrates the case that the wheel is given in polar form 
and the road is found numerically. 
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Case 3. Suppose the road is given parametrically by x =f1(t), y =f2(t), where 
fl(O) = 0. Now the initial-value problem relates the parameter t and the polar angle 
0, and reduces to dO/dt = -f'(t)/f2(t), 0(0) =-/2. This time the numerical 
solution gives ordered pairs (t, 0), and the radius condition can be used to produce 
the wheel, very much as in Case 1. 

Example. Let the road be a cycloid, lowered sufficiently so the closed-wheel 
condition (with an integer number, n, of periods per revolution) holds, and translated 
so the y-axis bisects one arch. The parametric equations are x = t + sin t, y = 
cos(t) - dn. For this cycloid, the closed-wheel condition is 

rr 1 + cos t dt 
dn d-cos t n 

for which the positive solutions are dn = 1 + 2n2/(2n + 1). (One could also consider 
negative solutions: d1 =-1 yields a road with a cardioid wheel similar to that in 
FIGURE 9.) Using the table of (t, 0) values obtained with the Runge-Kutta algorithm, 
and the radius condition, we get the wheels corresponding to different periods (see 
FIGURE 19). In this case both x and 0 are given as functions of the parameter t, so in 
an animation neither will increase linearly. FIGURE 19 also shows the case of a 
period-1/2 roller; that is, n = 1/2, d = 1I and the wheel rotates twice for each 
period of the cycloid. For the n = 0 case (infinitely many revolutions) see FIGURE 

9(c). 

Case 4. Suppose the wheel is given parametrically by x = g1(t), y = g2(t). In order 
to get a simple closed wheel, assume g, and g2 are periodic with the same period. In 
terms of g, and g2, the initial-value problem relating the x-coordinate of the road 
with the parameter t is: 

dx g1(t)g'2(t) -g(t)0g2(t) , x(0) = 0, 

The numerical method produces pairs (t, x), and if care is taken to use the same 
t-values, the corresponding coordinates of the road are found from the radius 
condition to be given by: y(t) = - gl(t)2 + g2( t)2. 

To generate an animation of this case, we must also have the polar angle 0 in terms 
of t. Unfortunately, there are complications involving branches of the arctangent 
function that prevent the direct use of 0 = arctan[ g2(t)/g(t)], so we generate 
another table of values, this time (t, 0), by applying Runge-Kutta to: 

dx g1(t)g'2(t) -g(t)0g2(0t) 0(0) = _7 

again being careful to use the same t-values as were used to generate the (t, x) pairs. 
Together, the (t, x) pairs and the (t, 0) pairs define a set of (x, 0) pairs that can be 
used to animate the wheel. 

Example. Let the wheel be defined by x = -sin t + (1/2) sin2t, y = -cos t. This 
shape (FIGURE 20) is known as a piriform (again, see [3]). As in the example for Case 
3, neither linear velocity nor angular velocity will be constant in an animation. 
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A d 

n =2 

n =4 

n- 

FIGURE 19 
Some wheels corresponding to a cycloidal road. These wheels can be given in closed form, but 
when generating images or animations it is much more convenient to ignore the closed form 
and just use the numerical approach. The top wheel covers one cycloid period during each 
revolution; the next covers two; the next covers four. The bottom wheel covers a half-period of 
the road during each revolution and corresponds to n= 2 in the closed-wheel condition. 

FIGURE 20 
The piriform is an example of a parametrically given wheel. Its road is found, as in the other 
cases, by numerically solving the appropriate initial-value problem. 
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Remark. In all four cases, the choice of independent variable in the Runge-Kutta 
step is arbitrary. If an animation is planned, then this choice can be made to cause a 
particular quantity, usually x or 0, to change linearly in the animation. 

4. Squaring the circle with Fourier series 

A natural thought when dealing with periodic functions, such as the roads for closed 
wheels, is to look at the Fourier series. For wheels with an axis of symmetry through 
the axle, we can make the periodic function even, thus yielding a cosine series. The 
question then arises as to what shape the wheels for the various Fourier approxima- 
tions will have. Clearly, for the approximation using only the constant term, the wheel 
will be a circle and, as the Fourier series more closely approximates the road, the 
wheels for the Fourier approximations will more closely approximate the original 
wheel. Thus if we begin with the road for a rolling square, the wheel for the Fourier 
approximations will "square the circle." Obviously, we are not restricting ourselves to 
Euclidean tools! There is one problem with this process, however: The Fourier 
approximations fail to satisfy the closed-wheel condition. 

For example, suppose p(x) = cos x - r5, which is a finite Fourier series already 
with period 2rr, satisfying the closed-wheel condition. The constant term or 0th 
Fourier approximation, is p0(x) = - r/, and so r5 is the radius of the corresponding 
wheel (a circle). It was shown earlier that the wheel for p(x) traverses two periods of 
the road in one revolution, so the circumference of the circular wheel must be 41rr 
(taking the period of the constant function the same as that of p(x)). But this makes 
the radius of the wheel equal to 2, a contradiction. 

The case when p(x) is the road for a square wheel is similar. Here, the circular 
wheel that rolls on the 0th Fourier approximation has circumference 7.12866 instead 
of 8 arcsinh 1 = 7.05099. And the closed-wheel condition fails here by 0.00138 for the 
two-term Fourier approximation road. Of course, as the trigonometric polynomials 
more closely approximate the original road, they will also come closer to satisfying the 
closed-wheel condition, but the condition fails nevertheless for each Fourier approxi- 
mation. 

What is needed, then, is a sequence of approximations, each satisfying the same 
closed-wheel condition as the road, which converges to the road. Such a sequence can 
be constructed by exploiting the orthogonality of the cosine functions in a Fourier 
series, along with the fact that the closed-wheel condition involves the reciprocal of 
the road function. 

Road approximations having closed wheels Let p(x) be a continuous, even, 
negative, periodic function with period T. Then q(x) = I/p(x) is also continuous, 
even, negative, and T-periodic, and so can be expanded in a Fourier cosine series. 
Denote the partial sums of the Fourier series for q(x) by qj(x), n = 0, 1,2,.... The 
qn's converge to q, are continuous, even, T-periodic, and, for large enough n, 
negative. If, in addition, we assume that the derivative of q is piecewise continuous, 
the convergence is uniform. Finally, we shall assume that q is "nice enough" so that 
all the qn's are negative, which is the case in all our examples. We now form the 
sequence {pn(X)}, where pn(X) = l/qn(x), which converges uniformly to p(x), and 
we shall use this sequence to approximate the road. The pa's have the same period as 
p and satisfy the same closed-wheel condition because 
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fT/2 dx =fT/2 
-q,(x)dx, 

-T/2 Pn(X) -T/2 

and, because the definite integrals of the cosines in the Fourier series vanish, 

T/2 -q(x) dx /2 -q(x) dx T/2 dx 
- T/2 - T/2 - T/2 P(X) 

Approximations to the square wheel Recall that the road for a square wheel with 
side 2 is the periodic extension of y =- cosh x, for - arcsinh 1 < x < arcsinh 1. The 
first seven Fourier coefficients for the reciprocal are: - 0.891107, - 0.12537, 
0.0230828, -0.0100959, 0.0056363, -0.00359458, 0.00249146. These were found 
using the standard formulas and integrating numerically. The first three approxima- 
tions to the road are: 

pO(x) = - 1.1222 

P1(x) = 1/( - 0.891107 - 0.12537 cos(3.56443x)) 
p2(x) = 1/( - 0.891107 - 0.12537cos(3.56443x) + 0.0230828 cos(7.12886x)) 

For the wheel corresponding to the approximation pk(X), the polar angle as a 
function of x is described by the initial-value problem dO/dx = - l/p(x), O(0) = 
--r/2. This can be integrated in closed form since - l/pk(x) is a trigonometric 
polynomial, but the numerical method described in Section 3 is more efficient, 
especially for producing animations. 

FIGURE 21 shows two corresponding positions of the road-wheel pairs for po(x), 
p1(x), p2(x), and p6(x). Note how the circle becomes square-like very quickly. 

FIGURE 21 
Approximating a catenary road with partial sums of its Fourier series yields wheels that 
transform a circle to a square. 

5. A Mathematica wheel-building package 

We have written a complete Mathematica package (version 1.2) that generates roads 
from wheels and vice versa. The package has options by which the user can generate 
stills or animations, with or without a locus, spokes, shading, and so on. The notebook 
can be obtained by sending a Macintosh disk to one of the authors. We include here a 
bare-bones version of the routine to give some idea of how such a program is written. 
This routine takes a function defining a road and displays the road and the wheel with 
its axle at the origin. 
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Even when a closed-form solution is available, it is often simpler to generate a 
diagram or animation by taking a numerical approach. Nevertheless, sometimes the 
closed form must be used. For example, rolling polygons are best generated directly, 
without numerical approximations. Some code for doing so can be found in the 
Appendix to [6]. 

RoadMovieEfunc_, {x_, xmax )] := ModuLeC{thetal, theta), 

thetalEx ] = thetaExJ I. 

First @ NDSoLvel 
(theta' Ex] == -1 /func, thetaE0] == -Pi /2), 
thetaEx], {x, 0, xmax), PrecisionGoaL->2]; 

ParametricPLotC{-func CCosEthetalEx]], SinEthetalEx]]), {x, func)), 
Cx, 0, xmax), PLotRange->ALL, AspectRatio->Automatic] ] 

For example, RoadMovieECosExJ-Sqrtl10, {x, 6 Pi}] will generate 
the period-3 closed wheel for a cosine road (similar to FIGURE 2, but with n = 3). 
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If you ask mathematicians what they do, you always 
get the same answer.' They think. They think about 
difficult and unusual problems. They do not think 
about ordinary problems: they just write down the 
answers. 

M. Egrafov (translated from Russian), 
contributed by the late R. P. Boas, Jr. 
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Euler's Constant, Taylor's Formula, 
and Slowly Converging Series 
JOHN V. BAXLEY 
Wake Forest University 
Winston-Salem, NC 27109 

To R. P. Boas, Jr., with appreciation 

1. Introduction 

Because infinite series have fascinated me from the moment I first encountered them 
in calculus, I found the Monthly article [1] by Boas on partial sums of infinite series 
particularly interesting. Ever since I first read it, I have been experimenting with 
ways to communicate the essential ideas to my students in elementary calculus. For 
some years before Boas' article appeared, I had been using simple integral compar- 
isons to illustrate some of the basic features, such as estimating the number n of 
terms required for the partial sum of the harmonic series to reach 100 (n 1043) or 
estimating the number of terms of 

?? 1 

k=2 k (log k)2 

to achieve, say, two-decimal place accuracy (Is - snI < .005 requires about 1087 
terms). What seemed harder to me for a while was computing the sum of this last and 
similar slowly converging series correct to several decimal places, since clearly one 
would not compute such a large partial sum. The approach taken by Boas depended 
on the Euler-Maclaurin summation formula, which he derives using Stieltjes inte- 
grals, not the kind of things I had time to discuss with my elementary calculus 
students. 

The discussion below replaces the use of the Euler-Maclaurin formula by elemen- 
tary manipulations with Taylor's formula. The knowledgeable reader will see, perhaps 
with some excitement, an interesting reversal of a familiar theme that is played when 
Taylor's formula is used to estimate the error in the midpoint rule for integration, 
where one replaces an integral by a sum and the replacement is good because the 
step size is small and the derivative is bounded. Here we replace a sum by an integral 
and the estimate is good because the derivative is small and the step size is bounded! 
These ideas are certainly not new; our purpose is only to encourage their use in 
elementary courses. 

2. The Harmonic Series and Euler's Constant 

We begin our story with a very elementary introduction to Euler's constant, the third 
member of the holy trinity (r, e, y) of mathematical constants. 

Let sn = Ek-= (1/k) be the nth partial sum of the harmonic series. That this series 
diverges is one of the first facts that a student learns about infinite series. Thus 
limnoo sn = +o. By inscribing and circumscribing rectangles below and above the 

This content downloaded from 129.16.69.49 on Fri, 25 Dec 2015 09:57:20 UTC
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


VOL. 65, NO. 5, DECEMBER 1992 303 

graph of y = 1/x as in the proof of the integral test, it is easy to see that 

ln(n + 1) < s,, < 1 + ln(n). 

This inequality quickly gives rough estimates of the number n of terms needed for s,, 
to exceed a given positive number A. For example, if A = 7, the left side of this 
inequality exceeds 7 for the first time when n = 1,096 and the right side exceeds 7 for 
the first time when n = 404. Thus we can be certain that sn will exceed 7 for the first 
time for some n between 404 and 1,096. Repeating the exercise for A = 13, the 
corresponding range for n is 162,755 and 442,413, while for A = 100 the range is 
from about 9.89 X 1042 to about 2.69 X 1043. Note that this crude approach gives a 
"ball park" estimate; the range is actually larger than the lower bound. 

Reflecting on the simple derivation of the above inequality, we see that we have 
essentially used upper and lower sums in reverse; instead of approximating an 
integral by upper and lower sums, we have approximated upper and lower sums by 
an integral. Why not use the midpoint rule? Suppose we construct rectangles of width 
1, centered at each integer k and with heights given by l/k. Although we lose the 
inequality, we obtain the approximation 

s _ ff+2idxln(n+ n ) +In2. 

Using this approximation, we would be led to the conclusion that sn would reach the 
value A when n is approximately (exp(A) - 1)/2. For A = 7, 13, 100, this estimate 
gives respectively, n = 548, 221,207, 1.344 X 1043. We shall see that these estimates, 
while more accurate than the extremes obtained earlier, are all too small. 

Our crude inequality implies that 

0< Sn-ln n < 1, 

giving reason to hope that 

'Y = iM ( Sn-In n) 
n - oo 

might exist. The "midpoint" approximation offers the naive guess that y =ln 2 = .693. 
Indeed, the limit does exist, it is called Euler's constant (Euler first discovered it in 
exactly this context), and is approximately .577. Here is a proof of the existence of y, 
which is in the spirit of the above discussion and uses Taylor's formula in the same 
way as it is used to estimate the error in the midpoint rule. The proof produces at the 
same time an error bound for s - ln(n + 1)- y, which simultaneously estimates the 
error in approximating y by sn - ln(n + 1) and the error in approximating sn by 
,y + ln(n + '). Let f(x) = l/x and use Taylor's formula to get 

f (x) =f (k) +f'(k)(x - k) + f(2Ck) (x - k)2, 

where k is a positive integer and Ck is between k and x. Thus 

| fk 2f x ) dx =f(k) + f + - 
2fI' (Ck)(X-k) dx. (2.1) 

This last integral cannot be evaluated because Ck depends on x and f"(Ck) is not a 
constant. We let 
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k( fi) f|+2f( x) dx 

and 

rk(f) = 2 | 2f Ck)(X -k) dx 

and rewrite (2.1) compactly as 

f(k) = Ik(f) rk(f). (2.2) 

Since f"(x) = 2/x3 is a decreasing positive function, 

~~~~ 1~~~k (2.3 
< rk(f ) < 2ff (k - (xk) dx= 13. 23 

2 12(k - ) 

Recalling that the p-series Ek= 11/k P) converges for p > 1 and using the comparison 
test, we conclude that Ek=1lrk(f) converges. By definition then, if we let tn= 

kn=Irk(f), we know that t = lim no tn exists. But (2.2) gives 

n n~~~~~+ 
t Ik(fI ) Ef(k) f 1/xdx-Snn(n +2 +) ln2-Sn 

k=i k=i 2 

and thus 

s -ln(n +2 = In2-t. (2.4) 

Moreover, 

s -lnn= -tn +ln2+ln(1+2n) 

and so 

y = lim (Sn-ln n) =-t + ln2 (2.5) 
n -- o 

certainly exists. Subtracting (2.5) from (2.4) gives 

1 
~~~~~~~~00 

S ln( n+ ) -Y=t-tn= E rk(f)) (2.6) 
k=n+l 

Using (2.3) and inscribing rectangles under the graph of 1/(x - 1)3, we easily see 
that 

O<sn-inn+~)-y< 1 d=1 1 (27 
? < n-Inn +2 ) )<I12(x - )9 24 (nD- - 

Thus A s - ln(n + 2) furnishes an over-approximation for y with error given by 
(2.7). Rearranging (2.7), we get 

y + ln(n +) <S<y + ln(n +)+ (2.8) 

TABLE A shows En and the corresponding approximation of y for various values of n. 
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TA B L E A. First approximation of y 

n E,, A,, 

4 4 X 10-3 .57926 
10 5 X 10-4 .577593 
30 5 X 10-5 .57726045 
92 5 X 10-6 .57722053 

290 5 X 10-7 .57721616 
914 5 X 10-8 .57721571 

2888 5 X 10-9 .57721567 

Thus for example, calculating only for n = 30 gives the conclusion that .5772104 < y 
< .5772605. Of course, close approximations of y have been known for a long time; to 
10 decimal places, y is .5772156649. 

3. Being lazy while finding y 

Using the results of the previous section, you can find y to three decimal places using 
a simple calculator (n = 10) or to six or seven decimal places with a small computer 
(n = 290 or 914). But how could our grandparents have gotten y to seven decimal 
places or how can we get y to, say, 12 places with minimal computational effort? We 
shall see that with a little intelligent preparation, even a lazy person like me can have 
,y to high accuracy, using a simple calculator, and working very little. Our increasing 
accuracy will come by repeated mating of (2.2) and its descendants with Taylor's 
formula. Here is how we pass to the second generation. Begin with Taylor's formula 
of order three: 

f(x) =f (k) +f'(k)(x-k) + 2 (x-k)2 

+f f"(k) (x k )3 + f (4) (x -k)4, 

where Ck is between x and k. Integrating from k - 2 to k + 1, we get 

Ik(f) =f(k) + 1 f"(k) + r(4)(f) (3.1) 

where 

r(n)(f) --kf| 2f (n)(ck)(x k) dx (3.2) 

Of course, the integral in (3.2) cannot be evaluated because Ck varies with x in an 
unknown fashion. We rearrange (3.1) and recycle (2.2) to substitute for f"(k): 

1 f)+1 r2 4 33 f(k) = Ik(f) 24 Ik(f ) + 24rk )(f") -kr4)(f), (3.3) 

where one should note that our r 2) is the same as rk of the previous section. Note 
that both of the "r terms" involve integrals of f(4) so it is reasonable to assume that 
they will be very small. For convenience, let us for the iime being abbreviate these 
combined terms by Rk. Recalling the definitions of t and tn and that f(x) = l/x, we 
sum (3.3) to get 

t-tn= | ff(x) dx + Rk- 2? Rk. (3.4) 
2 k=n+l 24(n+2) k=n+l 
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Let's temporarily "cheat," discard the last sum in hopes that it is small, and use the 
result in 2.6 to approximate y with 

y=S -ln(n+ ?)- 1 -=B (3.5) 

Since we really do know y to 10 decimal places, let's compute the right side (3.5) for 
various values of n and see how well we are doing. TABLE B shows the result for 
some selected values of n. (We will shortly describe the computation of En.) 

TABLE B. Second approximation of y 

n En Bn 
2 2.1 X 10-3 .5770426 
3 2.7 X 10-4 .5771690 
5 2.6 x 10-5 .5772078 
8 3.3 X 10-6 .57721428 

13 4.3 x 10-7 .57721545 
22 4.9 X 10-8 .57721564 
39 4.8 x 10-9 .577215662 

You will notice that we now have essentially 7 decimal places correct using only 22 
terms, a significant improvement over the 914 required in TABLE A. Our ancestors, 
not as pampered as we are, did not blanch at that amount of arithmetic. However, 
they (and we) can do better yet. We just take more terms in Taylor's formula; you can 
easily verify that we now get, with the obvious notation: 

1 7 f4) f(k) =Ik(f) -24k(f") 
+ 8-24-30Ik(f) )Qk' (3.6) 

where Qk consists of several error terms. Discarding the error terms, summing and 
integrating again, we now improve (3.5) to read 

Y=S -ln(n+ 
1 

+ 7Q. (3.7) n-In + 2 ) 
24(n + _L)2 8 - 24 

* 
5(n +1)4 

Computing again with (3.7), we obtain TABLE C. 

TABLE C. Third approximation of y 

n En Cn 
2 8 x 10-4 .5772293 
3 4 x 10-5 .5772176 
4 5 x 10-6 .57721611 
6 4 x 10-7 .577215715 
9 3 x 10-8 .57721567 

12 4 x 10-9 .577215666 
17 5 x 10-10 .577215665 

We now have y to 5 decimal places using n = 4 and seven decimal places using 
n = 9; not too much arithmetic for even us lazy people! 

We return briefly to the error column in TABLE B. Examining (3.3) and (3.2), we 
see that each term r(4) is positive when j is even. Thus these error terms oppose 
each other and we may bound the error by finding a bound on each one and choosing 
the larger of the two bounds. An elementary calculation shows that the term involving 
r(2)(f") leads to the larger bound and we get 
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IRkI< 576 

The term discarded in (3.4) satisfies 

RkElk 56kE f (k 2) < 7- s6f- (n -2 < 
k=1 

~_ 
k=n+l 9( r- 1)4 

This is the bound we used for En in TABLE B. 
A similar, albeit more tedious, calculation leads to the error bound 

127 

12 24 49(n-2)6 

for the computation of En in TABLE C. 

4. Partial sums of the harmonic series: examples 

Our story continues with the following problem: given a positive number A, find the 
smallest positive integer N so that SN > A. Our strategy is to replace s,1 by a good 
approximation, solve the problem for the approximation, and then make sure that the 
approximation was good enough. For the harmonic series, we have several increas- 
ingly accurate choices based on our increasingly accurate approximations for 'y: 

y + ln(n + (4.1) 
1 

ln ~ y + In(n + 2) + l 2 (4.2) 

1 7 
sn~ y +In(n + 2) + 24(n + 1)2 960(n + () 

We must face the fact that the more accurate approximation we use, the more difficult 
will be the algebra. The expedient route is to use the least accurate approximation to 
solve for N and then check afterwards. So we solve 

y+ ln(x + 1) =A 

for x to get 

x=exp(A - y) (4.4) 

and then because N must be an integer, we take 

N= 1 + int(x), (4.5) 

where inW(x) is the integer part of x. Is this value of N the correct answer to our 
question? We will deal with this problem more formally in section 7, but for the time 
being there are two ways to check. On the one hand we can compute sn for n = N 
and n = N - 1 directly, or we can compute more quickly one of the approximations in 
(4.1), (4.2), or (4.3) and use the corresponding error estimate En to make sure that sn 
for n = N and n = N - 1 are on opposite sides of A. 

To illustrate, let A = 7. From (4.4) and (4.5), we get N = 616. This value is not too 
large to check directly on a small computer. We get s615 = 6.99965073 and s616 - 
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7.00127411. (Incidentally, when adding up such a partial sum on your computer, be 
sure to begin with the smallest number to reduce roundoff error.) Alternatively, for 
these values of n, we see from TABLE A that the error is about 10-7; using (4.1), we 
get s615= 6.99965062 and S616= 7.00127399, allowing the certain conclusion that 
N = 616 is correct. 

Now consider the case A = 13; (4.4) and (4.5) give N = 248,397. The timne for a 
direct check is not overwhelming for a fast computer, as it is for small microcomput- 
ers, but in either case there is the nagging worry about the effect of roundoff on such 
a large partial sum. The error bound for TABLE A gives an error of about 10-13 for this 
N when using (4.1) to obtain S248396- 12.9999972 and S248397 13.0000012, so once 
again we can be certain that 248,397 is the answer to our question. 

To consider larger values of A (for example my computer gives N = 36,865,412 for 
A = 18), one must be able to compute using double precision for a careful check. 
Using single precision and the approximation (4.1), my microcomputer now does not 
distinguish between sN-1 and SN and so cannot guarantee that this value of N is 
accurate. Using a larger computer with double precision, the approximation (4.1) 
gives s36865411= 17.999999977 and s36865412= 18.0000000037, thus certifying this 
value of N. For A = 100, we find N 1.51 X 1043. TABLE D gives the value of N 
corresponding to integer values of A between 5 and 24. 

TABLE D 

A N A N 
5 83 15 1,835,421 
6 227 16 4,989,191 
7 616 17 13,562,027 
8 1,674 18 36,865,412 
9 4,550 19 100,210,581 

10 12,367 20 272,400,600 
11 33,617 21 740,461,601 
12 91,380 22 2,012,783,315 
13 248,397 23 5,471,312,310 
14 675,214 24 14,872,568,831 

You can have a lot of fun using these techniques on the examples 

00 1 
E klnk (4.6) 
k =2 

and 
00 

k k ln k lnlnk (47) k = 

and asking similar questions. For (4.5), I get 

y= lim (Sn - lnln(n + 2 .79467865. 
n -X00 

(Note that this value differs, as it should, from the one in [1] by lnln2.) 
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5. Estimating other finite sums 

Some popular elementary sums are 

n n(n +1) 

Ek= 2 k = i 

and 

_ 
n(n + 1)(2n + 1) 

k21 (5.1) 

Such sums can be obtained quickly with the techniques of the previous sections. For 
example, to derive (5.1), you need only notice that in (3.3) the error terms for 
f(x) = x2 vanish and so we sum to get 

k = fn +22 dx _ fn+22 dx, 
k=i 2 2 

which reduces after integration and some algebra to (5.1). But we can also consider 
more complicated sums like 

n 

S7=, k3/ (5.2) 
k=i 

Using (3.3) with f(x) = x3/2, we get 

f(k) Ik(f) - 24'k(f ) =Rk 

where 

IRkI< 576 1024(k - )S/2 

Thus 

kn = k 
k =Sn 5 2 2 2 2 

and so 

sn 2 tn+5[(n 1)2 (2) 5/2 - 1 [(n 1)2 (2) 1/2 (5.4) 

Since tn converges rapidly (the error can be estimated using the series Ek=n+l Rk), 
one gets a rather accurate estimate for tn from (5.3) using quite small values of n 
(tn 1.027) and then (5.4) gives accurate values of the sum in (5.2) using this value 
for tn. For example, direct computation of s1oo gives 40,501.2245 while the right side 
of (5.4) gives 40,501.2248. Similar sums for larger values of the exponent can be 
closely approximated in similar fashion using the extensions of (3.3) in section 8. 
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6. Slowly converging series 

For the discussion thus far, we have been thinking of the particular function 
f(x) = l/x. However, all of our fundamental equations using Taylor's formula hold 
for any sufficiently differentiable function. When we estimated bounds on errors, we 
used the additional property that the appropriate even order derivative (f", f(4), f(6)) 

is decreasing. 
To illustrate how our work may be applied to finding the sums of various slowly 

converging series, consider the example 
00 

k=2 (lnk) (6.1) 

for which we let 

f( x () l)2 (6.2) x (In x) 

Summing (2.2) gives 

??1 s-S~f 2dx 
n+2 x(ln x)2 

and 

s =S + In(+ l) =A (6.3) 

The error in (6.3) can be estimated using the error term in (2.2). Some care must 
be taken since the derivatives become relatively complicated and one must take n 
sufficiently large that f"(x) is decreasing for x > n. Using (6.3), we can find the 
smallest value of N for which the Nth partial sum SN of this series approximates the 
sum s of the series with error less than a desired amount E. TABLE E shows the value 
of N corresponding to various values of E. The slowness of convergence is apparent; 
in excess of 17 million terms fails to give even one decimal place of accuracy! 

TABLE E 

E N E N 
.5 7 .11 8,874 
.3 28 .10 22,026 
.2 148 .09 66,910 
.18 259 .08 268,337 
.15 786 .07 1,600,320 
.12 4,160 .06 17,307,780 

Using (3.3) in place of (2.2) gives the more accurate approximation 

S -Sn + fn(n n l ) =24f (n Bn (6.4) 

The value of the sum s of the series (6.1) to 10 decimal places is 2.1097428012; 
TABLE F shows the accuracy of the approximation in (6.3) and (6.4) for various values 
of n. 
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TABLE F 

n Ait Bn 
3 2.115098574 2.109471296 
5 2.110756887 2.109726878 

10 2.109742376 2.109742735 
20 2.109760852 2.109742788 
40 2.109745657 2.1097428007 
80 2.109743287 2.10974280122 

7. Partial sums of the harmonic series: theory 

We now use our estimates from section 2 and 3 to give a very elementary proof of the 
theorems of Boas in [2] and [3]. Let A > 2 and let y be Euler's constant for the 
harmonic series. Let N be the largest integer less than or equal to exp(A - y) and 
put 8 = exp(A-y)-N; note that N2 4. Then x = N+ 8- is the solution of 
y + ln(x + 2) = A. We shall prove the following theorem, which is essentially the one 
Boas proved in [2]. 

THEOREM. Let sn be the nth partial sum of the harmonic series. Given A > 2, let NA 
be the smallest positive integer for which s,, > A. Then, with N and 8 as described 
above, 

(1) NA is either N or N+ 1; 

(2) if a < 2 + N 12- N 
then NA = N; (2)~~~~~~~~~~~~) f<2?24(N?L 1) 9 N-~) 

(3) if 1 > N4 + I ) + N + 1 then NA N + 1. 
2~8>- 24(N + 1) + + AN l 

2 48(N- )2 96(N- )2 

Proof To prove (1), it suffices to show that SN 1 >A and SN_- <A. The first 
inequality follows immediately from the lower bound in (2.8), with n = N + 1, since 
N + 2> x + 2. For the second inequality, we use the upper bound in (2.8), with 
n = N - 1, to get 

sN_ <y+ln N- 2) 2(N (7.1) 

Since N < x + 2 it suffices to show that the right side of (7.1) is bounded by 
y + ln(N), which is equivalent to 

ln(N)-I(N- -) > (7.2) 

Applying the mean value theorem to the left side of (7.2), it now suffices to show that 

1 1 
2_N >24(N- 3)2) 

which is easily seen to be true by elementary algebra. 
To prove (2), we show that the stated conditions imply that SN > A. Using the 

lower bound provided by (4.2) and its associated error bound (3.8), we need only 
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show that 

In(x + 2) In(N + 2 ) < 24(N+ - 96(NI )< (73) 

Since the right side of (7.3) is clearly positive for N > 4, then (7.3) is obviously true if 
x < N, i.e. 8 < 2 If 8 > 2, then using the mean value theorem, (7.3) will be true if 

x-N 1 1 
N+- 2 24(N+ )2 96(N- )4 

Using x + 2 = N + 8, this last inequality is equivalent to the stated hypotheses on 8. 
Passing to (3), we show that now SN < A. Using the upper bound provided by (4.2) 

and (3.8), we only need to show that 

n(x + 2)- In(N+ 2 ) > 24(N' )2 + 96(Ni')4 (7.4) 

From the mean value theorem, (7.4) will be true if 

x-N 1 1 
N + 8 24(N + ) 96(N- )4 

which follows from stated hypotheses in (3) since N + 8 < N + 1. 
Our inequalities for 8 look a little different from those of Boas [2] because of our 

preference for N + 1; the form in [2] came from Boas' preference for the first form of 
the Euler-Maclaurin formula. It is not hard to see that our result is equivalent to the 
one in [2]. 

8. Concluding comments 

Our purpose has been to make available to beginning students the fascinating ideas 
described by Boas [1], by using Taylor's formula instead of the Euler-Maclaurin 
formula. The alert reader will be asking for deeper insight into the relationship 
between these two formulas. It should come as no surprise that the Euler-Maclaurin 
formula is essentially a corollary of Taylor's formula. We shall briefly indicate how the 
Euler-Maclaurin formula may be derived from Taylor's formula. 

The appearance of the error term in the Euler-Maclaurin formula will depend on 
which of the various forms we use for the remainder in Taylor's formula. The integral 
form of the remainder leads essentially to the usual form of the Euler-Maclaurin 
formula. It seems more elementary here to use the Cauchy form of the remainder. 
Our key is to first find the general form of (2.1), (3.3), and (3.6). Using the ideas of 
section 2, it is straightforward to prove by induction that 

n 

f(k) = a2k(f 2i)) + R(2n)(f), for n > 1, (8.1) 
i=o 

where 

IR(2n)I < C? M2n+2) 

Mk,j) max ff(J)(x) |: k - <x ?k+ 
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and C2n is independent of k while a2i is given recursively by ao = 1 and 
in a 

a2711 = - E ____________2 __-i 

Summing (8.1) on k, we obtain 

E f ( k ) |, ff2f(x) dx= E. a2i (fi 1( f+ ) f2 2) N) + E ( f 
k=1 ~2 i1k= 1 

a form of the Euler-Maclaurin formnula (cf. [1, p. 249, eqn. (2.4)]). 
Our numbers a2i bear, of course, a close relationship to the Bernoulli numbers, 

which the interested reader will enjoy working out. 

I thank my colleague, Fred Howard, for several stimulating conversations about the Bernoulli numbers 
and the Euler-Maclaurin formnula. 
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Introduction 

The basic constants of the mathematical universe, such as 7r, e, Euler's constant, and 
Khintchine's constant have an intrinsic fascination for many of us. They are the 
mathematical analogs of basic physical constants like Avogadro's number and Planck's 
constant that underlie the structure of the universe. That the same few constants 
appear in various guises in diverse branches of mathematics is evidence for the basic 
unity of the subject. The values of these constants are not easily expressible in finite 
form, so the problem of computing them to a prescribed accuracy is one of obvious 
interest and importance. 

Euler's constant y = 0.5772156649... is defined by the formula 

n 

y= lim E - log n(1) 
n -*oo k =1k 

Many students first encounter it in a calculus course, where they are asked to prove 
that the limit exists. Euler's constant is a natural object: It measures the amount by 
which the partial sums of the simplest divergent series ultimately differ from the 
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approximating integral. These partial sums H,n = = 11I/k, which are known as the 
harmonic numbers, occur frequently in the analysis of algorithms. As compared with 
v and e, its more famous siblings, not much is known about y-even whether it is 
irrational is an open problem. The purpose of this note is to look briefly at some of the 
ways in which y occurs and then to consider a variety of methods for computing its 
numerical value. 

I have found this topic to be an attractive unifying theme for a numerical analysis 
course. It provides a good blend of theory and practical work (to implement the 
methods and to evaluate their accuracy) and clearly demonstrates that theory has a 
concrete payoff. It also gives a good opportunity for stu.dents to read some accessible 
short papers. 

Background 

A fundamental connection, which presumably gave rise to the usual symbol for 
Euler's constant-the Greek letter -y (Euler used C), is with the gamma function 
defined for x > 0 by 

00 

F( x) =|e -ttx- l dt. (2) 

This function provides a continuous extension of the discrete factorial function 
(F(n) = (n - 1)!) and is a basic building block for many special functions of mathe- 
matical physics and standard distributions of statistics. Although the improper integral 
in (2) converges only for x > 0, Weierstrass proved that the gamma function could be 
expressed also as the infinite product 

F(x) =eY 1 H ex/k) 
X k=1 1 + lk/ 

which converges for all complex numbers except for 0 and the negative integers. This 
formula thus extends the gamma function into the complex plane, where it can be 
studied as an analytic function. Euler's constant -y is the only nonelementary object in 
this expansion. For a simple derivation of (3) as well as a beautiful treatment of most 
aspects of the gamma function see [3, p. 15]. 

An immediate consequence of (3) is that the derivative F'(1) has the value - y. If 
we differentiate under the integral sign in (2), we see that Euler's constant is the 
value of one of the simplest improper integrals: 

00 
z -e-t log tdt. (4) 

For what follows it will be useful to transform this integral. We write (4) in the form 

oy=f'logtd(e t-1) + logtd(et) 

and integrate by parts to obtain 

ji = | t dt - et dt. (5) 

The substitution u = l/t transforms the second integral into f (e - l/t"/u) du. Thus 
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we obtain an integral representation for -y over a finite interval: 

ji |o et dt. (6) 

Notice that if the integrand is set equal to 1 at t = 0, formula (6) then gives a 
representation for -y as a proper Riemann integral. 

There is another integral representation for -y that is quite elegant: 

}'= 1 - | {t2} dt, 

where {t} t - [t] is the fractional part of t. This formula is a direct consequence of 
the Euler-Maclaurin summation formula discussed below (see [2, pp. 55-56]), but it 
is instructive to check it directly. 

Euler's constant is also related to various other special functions. The exponential 
integral E(x) = f, (e -t/t) dt is a frequently occurring function in applied mathemat- 
ics, since any integral of the form JR(x)ex dx, where R(x) is a rational function, can 
be reduced to a linear combination of elementary functions and E(x) [15, p. 42]. E(x) 
has the useful expansion 

E(x)=-y-logx- kk! (7) 
k = 1 

To see this, write E(x) in the form 

ed+ leldt e t lL 
E(x) = f dt + dt - dt - dt. 

By (5) the first two terrms sum to - y, and term by term integration of the Taylor 
expansion in the third term yields the result. 

Another important analytic connection is with the Riemann zeta function that is 
defined for Re z > 1 by the series ;(z) = E'1> i1/nz. The zeta function, aside from 
being the natural extension of the p-series of calculus into the complex plane, is a 
fundamental object of investigation in number theory. To see a simple reason for this, 
let Pk denote the kth prime. Then for each Pk the geometric series En=iPk "'z sums 
to 1/(1 - p jz). Multiplying these expansions together and using the Fundamental 
Theorem of Arithmetic to express each n uniquely as a product of primes, we obtain 
the Euler product expansion 

oo 1 
(Z)k= 1 H ptz (8) 

This argument can be made precise by proper attention to issues of convergence and 
demonstrates a direct connection between the zeta function and the sequence of 
primes. 

The zeta function can be continued analytically into the complex plane as a 
meromorphic function whose only singularity is a pole of order one at z = 1. (One 
wants to do this, since to study any analytic function it is useful to have it defined on 
the largest natural domain.) The Laurent expansion for ;(z) about the singularity, 
which is known as Kronecker's Limit Formula, is valid for all z different from 1 and 
shows a further connection with Euler's constant [19, p. 378]: 

1 oo 

t{aA~~~~~~~~~~n = IN 

A 

This content downloaded from 129.15.14.53 on Fri, 9 Aug 2013 10:52:57 AM
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


316 MATHEMATICS MAGAZINE 

The Riemann hypothesis is a conjecture about the location of the zeros of the zeta 
function. It asserts that apart from the "trivial" zeros at the negative even integers 
(the existence of these zeros is far from obvious) all other zeros of ;(z) are located on 
the line Re z = 1/2. Many feel that this is the most significant open problem in 
mathematics. Strong theorems in number theory would follow if the truth of the 
conjecture could be established. A formula of Riemann shows a connection between 
this problem and Euler's constant. Let (zi) denote the sequence of all nontrivial zeros 
of the zeta function, i.e., the zeros not located at the negative integers. Then Riemann 
showed that 

E ~- = y? + 1 - log2 - 2 log v 

and used this formula in his investigation of the hypothesis [9, p. 67]. 
We mention two other number theoretic formulas that involve y. Mertens discov- 

ered a formula whose relation to the Euler product formula (8) is reminiscent of that 
of the defining formula (1) to the definition of the zeta function: 

n 
e-7 = lim log n I1 1 - 

n -oo k =l PK 

[17, p. 162]. Let d(k) denote the number of positive integer divisors of an integer k. 
Then the average number of divisors for all integers between 1 and n is approxi- 
mately equal to log n. More precisely, we have the asymptotic expansion [2, p. 57] 

in 
E . d(k) = log n + (2,y - 1) + 0(1/v/), 

k=1 

where 0(1/ 1W) denotes a function e(n) that satisfies Ie(n)I <c/ Vr for some 
constant c. 

Finally, we give a few miscellaneous series expansions for -y. The definition of -y 
expresses the constant as the limit of partial sums of a divergent series minus a 
correction term. Simple algebraic manipulation allows (1) to be re-expressed as the 
sum of the convergent series 

Y/ Ea [- log 
1 + n)- (9) 

A series for y that involves only fractions was discovered by Addison [1]: 

1 2n-1 

Y m=2' - (2m)(2m + 1)(2m + 2) 

Euler found an expression for y in terms of p-series. Let Sn = Eo21/k2 = ;(n)-1. 
Then 

0Q 

Y= 1 - En-Sn. 
n=2 

This formula can be verified using simple but clever manipulation with series (start 
with the Taylor expansion for log(l - x)). 
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Elementary approximation methods 

Let us now consider the problem of determining the numerical value for y correct, 
say, to 10 decimal places. We take this to mean that the computed value should differ 
from the exact one by less than 0.5 x 10 -1. A reasonable way to begin is by 
investigating how rapidly the expression following the limit in the defining formula 
(1) approaches y. The rate of convergence turns out to be very slow, a fact that can be 
seen in a variety of ways. 

Rao gives a pleasantly direct approach in [16]. Let us denote the expression 
following the limit in (1) by an. Then each term can be expressed as an integral, that 
yields 

an ( ex + e-2x + +e -nx) dx e e dx. 

Summing the series and regrouping show that 

an- (I - x )dx+ e-n x l)dx. 

The second term goes to zero as n goes to infinity and gives an explicit formula for 
the difference between y and the first term, which must therefore be yet another 
integral representation for y. The elementary inequality 

1 xpl 1 <1 
2 8 x ex 1 2, 

a consequence of the fact that tanh x < x for x > 0, then implies that 

2 -Y < (10) 

Thus an tends to y with speed approximately 1/(2n). But if we now replace an by 
an- /(2n), the result is a sequence that converges to y much more rapidly: The 
error is now less than 1/(8n2). Thus a program to calculate an - 1/(2n) with n = 50 
will give 4 place accuracy (error < .00005), and n = 50,000 suffices for 10 place 
accuracy. 

Another elementary method due to Horton [12] is based on formula (9) and a 
simple fact about series: If Ek= lbk is a convergent series and f is a decreasing 
function satisfying f(k) = bk, then E=lbk differs froli E=lbk + fnf(X) dx by less 
than bn. The proof is a simple generalization of the usual argument leading to the 
integral test. In our case 

f(X) = -log(1+I), 

and we find that y differs from 

k=l[k -log(1+ )]+ [-1-(n+ 1)log +I] 

by less than 

nlog(1+n) 
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To obtain an error less than .5 X 10- 10 it suffices to set n = 100,000. This is twice the 
number of terms necessary using Rao's method. 

A third elementary approach is to use a numerical integration technique such as 
Simpson's Rule to approximate an integral representation for y. The simplest integral 
representation that we have encountered, namely (4), would not be a good choice for 
this purpose, since the interval of integration is infinite and the integrand becomes 
infinite at the left endpoint. Formula (6) suffers from neither of these problems, so we 
expect it to be numerically more tractable. Let us denote the integrand in (6) by h. 

Care is required in entering h into a computer program to implement Simpson's 
Rule. Not only does the formula for h have no value at the left endpoint but for x 
near 0, evaluation of exp(- l/x) will result in a runtime error on any system where 
exp(-x) is evaluated as 1/exp(x). The natural way to avoid this problem is to omit 
this term when it becomes negligible. Thus instead of h we integrate numerically the 
function g defined in Pascal as follows: 

function g(x: real): double; 
begin 

if x = 0 then g:= 1 
else if x < .025 then g = (1 - exp(-x))/x 
else g= (1 - exp(-x) - exp(- l/x))/x 

end; 

Here the constant .025 is chosen so that g differs from h by less than 10-15, a 
negligible value if we are trying for 10-place accuracy. 

To assess the accuracy of Simpson's approximation requires information concerning 
the size of the fourth derivative of the integrand. The error in the Simpson approxi- 
mation to ft"g(x) dx computed using a partition into n equal subintervals is less than 

(b a)5 ) max 1 g(iv)(x) 
180 n 

ma 
x 

(see any calculus book). It is a good exercise in numerical calculus (either by hand 
assisted by a Newton's Method program or else by using an algebraic package such as 
Derive) to determine the maximum of I g(iv)(x)l in the interval [0, 1]. The answer 
turns out to be a bit less than 4,000, which implies that 10-place accuracy can be 
achieved with n equal to 818. Thus of our three elementary methods it appears that 
Simpson's Rule is the most efficient. It does, however, require many evaluations of a 
complicated function, so depending upon the hardware being used, it may not be 
significantly faster than Rao's method. 

If one uses the Trapezoidal Rule instead of Simpson's Rule, the error bound 
requires finding an upper bound for I g"(x), which is much easier (by hand) than the 
corresponding problem for Ig(iv)(x)I. But it turns out that n = 113,000 is required to 
guarantee that this error is less than .5 x 10 . 

There are, of course, much more efficient methods of numerical integration than 
Simpson's Rule. Some of these will achieve 10-place accuracy with very few function 
evaluations. For example, an adaptive Gaussian approach needs only seven points. 
But assessing the accuracy of these methods requires maximizing higher derivatives 
of the integrand, a process that rapidly becomes more and more unwieldy. To achieve 
accuracy much greater than 10 places we need other ideas. 
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More sophisticated methods 

The three approaches discussed above all required nothing more advanced than 
elementary calculus. We now consider some more sophisticated mnethods with the aim 
of decreasing the number of operations required to attain 10-place accuracy and also 
of computing y to arbitrarily high accuracy. In the last few years new ideas have 
enabled mathematicians to calculate 7r and other quantities to many millions of 
decimal places (see, for example, [5] and [8]). These new methods are based on deep 
properties of special functions that were better known to the general mathematical 
community in the nineteenth century than in the twentieth. One of the Borw-ein 
algorithms that is based on a formula due to Ramanujan converges to 1r quartically, 
i.e., each iteration quadruples the number of decimal places of accuracy. Analogous 
methods for Euler's constant are not known: The best current methods converge only 
linearly and are appropriate for calculation of y to thousands, not millions, of decimal 
places. They are based, however, on much simpler mathematics than the very rapid 
algorithms for 1r. 

A standard tool for evaluating a sum to a prescribed accuracy is the Euler- 
Maclaurin summation formula: 

bfl B 
b 

E f(k) =|f(x) dx + E: "k!fk-l)(X) + Rt7>(l 
a<k<b a k=1 a 

where a and b are integers and 

R (1)m?lf+lb 
B x(( }X) f 00(x) dx 

Here the constants Bk are the Bernoulli numbers, which are defined by the power 
series expansion 

00 

inni0 ez M! B1z (12) 
1in=0 

The function Bm({x}) in the remainder term R,,, is the mth Bernoulli polynomial 
evaluated at the fractional part of x, where the Bernoulli polynomial is defined by the 
formula B111(x) = Enl k)B x tl-k 

The Euler-Maclaurin formula is really just a consequence of clever integration by 
parts. Thus approximation based on it might more aptly fit under "elementary 
methods" except for the asymptotic analysis of the behavior of the Bernoulli numbers. 
For a nice discussion and proof of this formula see [10, Sect. 9.5 and 9.6] from which 
the following application and notation are drawn. 

Since 

z z z z 
+-= 2coth 2 

an even function, it follows that Bk vanishes for k odd and greater than 1. The 
Bernoulli numbers can be calculated most readily from the implicit recurrence 
relation 

Bk=E(i )BJ 
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together with the initial conditions Bo = 1 and B1 =-1/2. This relation follows 
directly from (12) and is valid for k > 2. It yields B2= 1/6, B4= - 1/30, and 
B6= 1/42. Although initially small, the Bernoulli numbers grow rapidly: It can be 
shown that 

B2k | 2k(2k - 1) 
B 7~42 {2k-21 4lr 

When (11) is applied to the case of f(x) = 1/x with a = 1, b = n, and m replaced 
by 2 m, we obtain 

n-i ~~~~B1 in Bk 
Ei k = log n + C2?n + n kE 2kn (13) 
k=1 k=1 2kn2k+2~n,(3 

where C2?n is a constant independent of n. Let us write the remainder term in the 
form R2 1(n) = R27 (oo) - R 17(n), where the interval of integration is [1, oo] in R2 71(oo) 
and [n, oo] in RWm(n). Denoting by C the constant C2mn + R2..1(oo) and adding 1/n to 
both sides of (13), we now have 

n 1 n B 
k=1 

k = logn + C 
+2n -E 2 kn 2k R21n1()(4 

By letting n -> oc it is easy to see that C is equal to y. It is not difficult to show that 
when f(2m+2)(x) > 0 and f(2?7l+4)(x) > 0, as is the case for f(x) = 1/x, the remain- 
der R* l(n) can be expressed in the form 0m ?B2 l?2/[(2m + 2)n2m+2], where 0n 

is a constant in (0, 1). Thus we have obtained a very efficient formula for the 
calculation of y (or of Hn if y is known): 

n1 1 r B B 
n ki k 2og n?+?Y + kni2kn2k +O (2m + 2)n 2n+2* 

When m = 2 formula (15) becomes 
n 1 1 1 1 H= L logn+y? - - ~~+ 02, k-= 2n 122n2 120n4 252n6 

The choice of n = 21 is enough to make the error term less than 0.5 x 10-10, so we 
can obtain 10-place accuracy with very little calculation. Notice that Rao's inequality 
(10) is the case of m = 0 in (15) with a slightly coarser error estimate. Note also that 
for fixed m the error term can be made as small as required by choosing n sufficiently 
large, but if n is fixed then letting m grow results in a divergent series. 

This method was used by Adams for the first high-precision calculation of 'y in 
1878. He obtained 263 decimal digits without a computer! In 1962 Knuth in [14] used 
formula (14) with n = 10,000 and m = 250 to obtain a value for y correct to 1,271 
decimal places. The most time-consuming part of Knuth's calculation was the deter- 
mination of the first 250 Bernoulli numbers. The need for these constants is the major 
disadvantage of this very general summation method. 

Sweeney in [18] suggested a different idea for a high-precision calculation of y, 
which avoids the necessity of calculating the Bernoulli numbers. His approach is 
based on formula (7), which relates y to an expansion of the exponential integral 
E(x). Let us rewrite (7) in the form 

y = -log x + S(x) -E(x), 
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where S(x) = E'=i(- l)k+lxk/(k * k!) and consider each of the terms separately. 
Recall that 

E(x)= t dt. 

The elementary estimate e-t/t < e-t/x for t > x > 0 establishes that 0 < E(x) < 
e - X/x. If x is a power of 2, then log x can be expressed in terms of log 2, which can 
be calculated, for example, from the infinite series expansion 

log2 = E k 12k 

If the mth partial sum is used as an approximation, the truncation error is bounded by 
fjjl(1/x 2 x)dx, which can be evaluated in terms of the exponential integral. The 
series for S(x) is alternating, so the truncation error in approximating it by the mth 
partial sum is bounded by the first omitted term, which can be estimated using 
Stirling's formula. Thus for any E > 0 it is possible to determine x sufficiently large so 
that E(x) < ?/3, and the functions log x and S(x) each can be computed to within 
8/3. This gives a means of calculating y to within 8. 

This method was used by Sweeney to obtain 3,566 decimal digits of Euler's 
constant, then later in modified form by Brent in [6] to obtain 20,700 digits. As is the 
case in any high precision calculation, care is needed in determining how many digits 
to keep in the intermediate calculations to control the error due to round-off and 
cancellation. A similar method based on a formula relating y to certain Bessel 
functions has been developed by Brent and McMillan in [7] and used to obtain 30,100 
decimal digits of y. 

One reason for wanting to know a constant to such high accuracy is that it is then 
possible to compute accurately other quantities that involve the constant. Any real 
number x can be expressed in the form 

1 
x =ao + 1 

al + 1 
a2 +a3 +*- 3+ 

where the ak's are integers with ak > 0 for k > 1 (see [11], Chap. 10). This 
representation is called the regular continued fraction expansion of x. If the contin- 
ued fraction is truncated at the nth stage, the resulting fraction pn/qn is called the 
nth convergent of the expansion. It gives the best rational approximation to x of order 
q, in the sense that no other rational number with denominator smaller than qn can 
approximate x more closely. From knowing the decimal expansion of y to many 
digits of accuracy it is possible to compute many convergents. It follows from Brent 
and McMillan's calculations of these convergents that if y is rational, then when 
expressed in lowest terms the denominator of y must exceed 1015 000. 

There are two further bits of numerical evidence for the irrationality of Euler's 
constant. Recent work of Bailey [4] shows that if y is an algebraic number that 
satisfies a degree eight polynomial equation with integer coefficients, then the 
Euclidean norm of the vector of coefficients must exceed 3.57 x 109. This is numeri- 
cal evidence for the transcendence of Euler's constant, hence for its irrationality as 
well. There is a theorem of Khintchine [13] that states that for almost all real numbers 
x the geometric means Gn(x) = (al * a2 * a3. * - - 'an )"/n of the partial quotients ak 
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occurring in the regular continued fraction expansion of x converge to an absolute 
constant K = 2.685452001..., which is known as Khintchine's constant. The excluded 
set of measure zero includes all rationals, since for them the partial quotients ak 
eventually vanish. The calculations in [6] show that G20,000 (y) = 2.6908, which again 
suggests that y is irrational. 

Note. The author wishes to thank the referees for their useful suggestions and corrections. 

REFERENCES 

1. A. W. Addison, A series representation for Euler's constant, Amer. Math. Monthly 74 (1967), 823-824. 
2. Tom Apostol, Introduction to Analytic Number Theory, Springer-Verlag, New York, 1976. 
3. Emil Artin, The Gamma Function, Holt, Rinehart and Winston, New York, 1964. 
4. David Bailey, Numerical results on the transcendence of constants involving 7r, e, and Euler's 

constant, Math. of Comp. 50 (1988), 275-281. 
5. J. M. Borwein and P. B. Borwein, Ramanujan, modular equations, and approximations to pi or how to 

compute one billion digits of pi, Amer. Math. Monthly 96 (1989), 201-219. 
6. Richard Brent, Computation of the regular continued fraction for Euler's constant, Math. of Comp. 31 

(1977), 771-777. 
7. Richard Brent and Edwin McMillan, Some new algorithms for high precision computation of Euler's 

constant, Math . of Comp. 34 (1980), 306-312. 
8. D. V. Chudnovsky and G. V. Chudnovsky The computation of classical constants, Proc. Natl. Acad. Sci. 

USA 86 (1989), 8178-8182. 
9. Harold Edwards, Riemann's Zeta Function, Academic Press, New York, 1974. 

10. Ronald Graham, Donald Knuth, and Oren Patashnik, Concrete Mathematics, Addison Wesley, Reading, 
MA., 1989. 

11. G. H. Hardy and E. M. Wright, An Introduction to the Theory of Numbers, Oxford University Press, 
4th edition, 1960. 

12. Goldie Horton, A note on the calculation of Euler's constant, Amer. Math. Monthly 23 (1916), 73-74. 
13. A. Ya. Khintchine, Continued Fractions, 3rd edition, Noordhoff, Groningen, 1963. 
14. Donald Knuth, Euler's constant to 1271 places, Math. of Comp. 16 (1962), 275-281. 
15. N. N. Lebedev, Special Functions and their Applications, Prentice-Hall, Englewood Cliffs, NJ, 1965. 
16. S. K. Kakshmana Rao, On the sequence for Euler's constant, Amer. Math. Monthly 63 (1956), 

572-573. 
17. Paulo Ribenboim, The Book of Prime Number Records, Springer-Verlag, New York, 1988. 
18. Dura Sweeney, On the computation of Euler's constant, Math. of Comp. 17 (1963), 170-178. 
19. Giovanni Sansone and Johan Gerretsen, Lectures on the Theory of Functions of a Complex Variable, 

Noordhoff, Groningen, 1960. 

Lagrange (1736-1813) was revolted by the cruelties of 
the Terror that followed the French Revolution. When 
the great chemist Lavoisier went to the guillotine, 
Lagrange expressed his indignation at the stupidity of 
the execution: "It took the mob only a moment to remove 
his head; a century will not suffice to reproduce it." 

An Introduction to the History of Mathematics, 
Howard Eves, Fifth Edition, Saunders Publishing. 
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 Optimal Steiner Points

 REGINA B. COHEN
 Villanova University
 Villanova, PA 19085

 Given three points P, Q, and R in the plane, the shortest path connecting the points
 using only straight lines between the points is equal to the sum of the shorter two
 sides of APQR. By introducing a fourth point interior to APQR when all its angles
 are less than 120?, a shorter network is obtained. There is a point S in APQR such
 that the sum of the Euclidean distances of S from the three vertices is minimized.
 This point is called the Steiner point of the triangle, after the mid-19th-century Swiss
 geometer Jacob Steiner, an early investigator of the question of minimal networks
 among a finite number of points [2].

 For example, in an equilateral triangle of side 1, a minimal path that connects the
 vertices and stays on the perimeter has length 2, whereas a network of vertices and
 Steiner point S has length 3 = 1.732, still more than half the perimeter.

 By introducing a well-known Minkowski metric and constructing the Steiner point
 with respect to that metric, the length of the minimal network can be improved for
 any three vertices to half the length of the perimeter. Such a Steiner point is optimal
 in the sense that the lengths in the network could not be shortened and still satisfy
 the triangle inequality required in a metric space. A point S in the metric space
 (d, X) is said to be an optimal Steiner point of A PQR if the d-length of the network
 connecting P, Q, R, and S is half the d-length of the perimeter of A PQR. We shall
 see that, if the metric is Minkowski, all triangles have optimal Steiner points if and
 only if the defining unit ball is a parallelogram.

 We start by noting some familiar facts. Given any three positive real numbers
 [a, b,c], some or all of which may be the same, the triple can be the distances
 between three points in the Euclidean plane, denoted by E2, as long as the sum of
 any two is greater than or equal to the third. [1, 1, 1] can be realized in E2 as the
 distances between the vertices P1, P2, P3 of any equilateral triangle of side length 1.
 [3,4,5] and [1, 1, 2] will do, but [1, 1, 2.001] will not. These are particular examples of
 the more general concept of a metric set.

 A set F of n abstract points together with a distance function d: F X F -> [0, oo)
 satisfying the axioms for a metric space is called a metric set of n points. Any metric
 set of three points can be embedded in the plane with the Euclidean distance
 function as a triangle or as collinear points. When a fourth point is introduced, there

 are six distances. Denoting d(Pi, Pj) by dij for i, j = 1,2,3,4, we always keep the
 order [dI2, d23, d3l, dI4, d24, d34]I

 Going back to an equilateral triangle of side 1 and vertices P1, P2, and P3 in E2,
 let us look for a fourth point P4 that has distance 1 from each vertex. The metric set
 {P1, P2, P3, P4} will have associated with it the list of six distances [1, 1, 1, 1, 1, 1].
 There is no such point in the plane. If we are willing to go to Euclidean 3-space, the
 four points can be realized as vertices of a tetrahedron with all sides length 1.

 323
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 Now let P4 vary in E2 over the interior of the above triangle. For each position of
 P4, there will be a corresponding set of three last entries in the list of six distances for

 the metric set {P1, P2, 2P3, P4}. When P4 is the Steiner point of the triangle, the sum of
 the Euclidean distances is minimized. The set of distances for the vertices of the
 triangle and the Steiner point is [1,1,1, V3/3, V3_/3, J3/3]. There are many points P4
 not realizable in E2 such that the distances associated with the metric set of the
 equilateral triangle in the plane together with P4 undercut 4 with the sum of the
 last three entries. The limiting case for such points would be the metric set with
 distances [1, 1, 1, ', ', ]. There exists no fourth point, even in Euclidean space of
 three dimensions, which has distance of 2 from each vertex of the triangle. There are
 infinitely many metric sets of four points that cannot be embedded in E2.

 Let's look at another familiar metric in the plane, the max metric, where the unit
 "circle" is the square,

 {(x,y): Ixl = 1, lYIl < 1} U {(x,y): I=, Ixl < 1}.

 This metric is similar, except for orientation, to the taxicab metric dT where the unit
 "circle" is {(x, y): IxI + lyl = 1). These are particular examples of a Minkowski metric
 in the plane, where the defining unit ball is a closed, convex, centrally symmetric set.
 Denoting the max metric by dM, we have

 dM(P,Q) = max(lx-x'l, ly-y'I),

 where (x, y) and (x', y') are the Cartesian coordinates of P and Q respectively. A
 surprising feature of the max metric is that any metric set of four points can be
 embedded in the plane endowed with this metric. The construction from Wolfe [4] is
 given in the appendix. Four points with six mutual distances of 1 are (0,0), (0,1),
 (1, 1), and (1, 0). Four points whose set of distances is [1, 1, 1, 2, v, v] are (0, 0), (, 1),

 (1,0), and(+, 2).
 We will consider this last example more closely. In any metric space (X, d) a point

 R is said to be (metrically) between P and Q if d(P, Q) = d(P, R) + d(R, Q). In the
 above example, the point (0, I) is between each pair of the other three points. This
 cannot happen in Euclidean space, where a fourth point can be between at most two
 pairs of the other three points. The geometry of betweenness is rather simple in E2:
 R is between P and Q if it lies on the line segment PQ from P to Q, because the
 circle with center P and radius dE(P, R) is tangent to the circle with center Q and
 radius dE(Q, R) at the one point R. The situation is different in the max metric. In
 FIGURES la and lb, dM(P, Q) = 3 and all points on the heavy line are at a distance 1
 from P and 2 from Q. The distance-measuring "circles" in the max metric touch
 along a vertical segment, unless P and Q both lie on a line of slope + 1 or - 1, as in
 FIGURE lc. In the Euclidean metric, or in any Minkowski metric where the defining
 unit ball is strictly convex, the set of points between two given points consists of the
 line segment connecting them. In the max metric, however, the set of points between
 two points P and Q is a rectangle and its interior with sides of slope ? 1 and the line
 segment PQ as a diagonal. See FIGURE 2. Denote this set by BM(P, Q).

 1

 2 ~~~~~2 2

 Q P --0

 la lb Ic

 FIGURE 1
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 Q
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 P Q
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 FIGURE 2

 BAJ( P, Q)

 Using the concept of betweenness, the Steiner point S of a triangle in the max
 metric is easy to construct. Further, S is optimal in the sense that the sum of the
 distances from S to the vertices is equal to half the length of the perimeter, because S
 is between each pair of vertices. (Note: For a step-by-step construction of the Steiner
 point of A PQR in E2, see Ehrmann [3]. If the angle measure at any vertex is 1200 or
 more, the Steiner point in E2 is at that vertex; otherwise, S is interior to the triangle,
 and all angles between segments SP, SQ, and SR are 120?.)

 Given the vertices of a triangle P, Q, and R, we construct two lines, and the
 Steiner point will be their intersection. First, find the line 1 of slope + 1 such that one
 vertex is on one side of 1, the second is on 1, and the third is on the other side. If it is
 the case that two of the vertices are on a line of slope + 1, let 1 be that line. Second,
 find the analogous line 1' of slope - 1. S = 1 n 1' and also S = BM(P5 Q) n BM(Q5 R)
 n BM(P, R), the intersection of pairwise betweenness sets of the vertices. S may be
 at a vertex, on a side, or interior to the triangle. See FIGURE 3.

 /1 /\

 \ / / ~ \ //\

 \ /

 P

 /\ / \

 R x~~~~~~

 FIGURE 3

 There is another Minkowski metric of interest in connection with Steiner's problem
 where the unit ball defining the metric is a regular hexagon of side 1 oriented so that
 two parallel sides are horizontal. The reader can verify that the (hexagon metric)
 betweenness sets, denoted BH(P, Q) for points P and Q, are parallelograms or line
 segments, of six basic types altogether, depending on the direction of the line
 segment PQ, as shown in FIGURE 4.

 The taxicab and the hexagon metric share an interesting feature that simplifies
 computation of distances. dT(P, Q) can be seen geometrically as the sum of the
 Euclidean lengths of the legs of the right triangle, legs parallel to the axes, for which
 PQ is the hypotenuse. Another way of looking at it would be to say that dT(P, Q) is
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 equal to half of the Euclidean length of the perimeter of the betweenness set

 BT(P, Q), with the ordinary length of PQ in the limiting cases when P and Q are on
 the same vertical or horizontal line. Similarly, dH(P, Q) is equal to half of the

 Euclidean length of the perimeter of BH(P, Q), reducing to the usual length of the
 chord PQ when P and Q both lie on lines making angles of 0?, 60?, or 120? with the
 horizontal axis.

 Q
 Q

 P Q P P

 Q

 60 0 2 0 0 120_

 FIGURE 4

 BH(P, Q)

 In the hexagon metric, it is not true that every triangle will have an optimal Steiner
 point metrically between each pair of vertices. For example, an equilateral triangle
 with horizontal base does not admit such a point, since metric betweenness for the
 vertices means lying on the line segment joining them. Suppose, however, we take
 any triangle with all angles less than 1200. The Steiner point S in the Euclidean
 metric is interior to A PQR, and segments PS, QS, and RS make angles of 120? with
 one another. Now rotate and translate A PQR together with S so that the resulting
 A P'Q'R' has one vertex P' on the positive x-axis with S' at the origin. Since the
 hexagon distance from P' to Q' is the Euclidean length of PT', the "radius" of the
 oriented hexagon centered at P' such that Q' is on its perimeter, dH(P', Q') is equal
 to the sum of the Euclidean lengths of P'S' and S'Q', as in FIGURE 5. Then it is easily
 seen that the sum of the Euclidean lengths of PS', S'Q', and S' R is equal to half the
 length of the perimeter in the hexagon metric. The Steiner point S' of A P'Q'R' in
 the Euclidean metric is also the optimal Steiner point in the hexagon metric, because
 it is (hexagon metrically) between each pair of vertices, see FIGURE 6.

 Q'

 \ / / //R'

 FIGURE 5 FIGURE 6
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 We will characterize betweenness sets for a general Minkowski metric in the plane.
 Then we can show that only when the defining unit ball is a parallelogram is it true

 that every triangle has an optimal Steiner point and every metric set of four points
 can be embedded. In what follows, d is a Minkowski metric in the plane and o is
 the defining centrally symmetric, closed, convex unit ball. We denote the space by
 (d, R2).

 The betweenness set B(P, Q) in (d, RD2) with o centered at 0 depends on the

 direction of PQ. Let PQ be parallel to OX, a radius of o where X e do, the
 boundary of o. If X is a point of strict convexity of do, then B(P, Q) = PQ, as o is
 centrally symmetric and a supporting line will not be changed in slope by a similarity
 transformation. For the same reason, if X is an extreme point of do, then B(P, Q)

 = PQ also, as the measuring balls will again touch at only one point. If X lies on a
 face, a straight line portion of the boundary, B(P, Q) is a parallelogram with PQ as a
 diagonal and sides parallel to the "radii" of o from 0 to the endpoints of the face.
 The midpoint set, points in B(P, Q) that are equidistant from P and Q, will be a
 chord parallel to that face and passing through the center of the parallelogram.

 THEOREM 1. Every triangle in the plane has an optimal Steiner point in (d, RD2) if,
 and only if, o is a parallelogram.

 The technique for constructing a separating point in the max metric works just as
 well for the taxicab metric if horizontal and vertical lines are used instead of lines of
 slope + 1 and - 1. In fact, if the defining unit ball is any parallelogram 9,
 proceeding in the same way using lines with the slopes of the diagonals of 9, we find
 an optimal Steiner point as the intersection. The betweenness sets in such a metric
 are parallelograms with sides parallel to the diagonals of 9.

 If o is strictly convex, clearly no triangle has a point that is between each pair of
 vertices. As we have seen, in the hexagon metric some triangles have optimal Steiner

 points and others do not. When 4 is not a parallelogram, we will show how to
 construct a triangle that does not have an optimal Steiner point in that metric.

 If o is not strictly convex, there are at least two parallel linear segments in do.

 Suppose there are just two, PIQI and P2Q2, as in FIGURE 7a. Choose any point P
 between P1 and Q2 on dg and draw the chord UP. Any triangle with sides parallel
 to lines containing 0P1, 0Q2, and OP will not have an optimal Steiner point since the
 betweenness sets are all linear segments that connect vertices.

 Pi
 Q1

 X P a S?P1

 P3o

 P4

 P2 P2

 FIGURE 7a FIGURE 7b

 Suppose now that there are at least two pairs of parallel faces in do, P1Q,11P2Q2
 and P3Q311P4Q4, but 9 is not a parallelogram. As before, the diagonals PIP2, Q1Q2,
 P3 P4, and Q3Q4 all pass through 0, since l is centrally symmetric (FIGURE 7b).
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 Among the endpoints of the faces are at least three pairs of distinct extreme points of

 d,5, because only one of the cases PI = Q3 and_P3 = Q2 is possible. Any triangle with
 sides oriented as the chords 0P-, 0QI, and OP3 (or OQ3) will have the property that
 points metrically between vertices lie on the connecting segment. Such a triangle
 does not have an optimal Steiner point.

 THEOREM 2. An arbitrary metric set offour points can be embedded in (d, R2) if,
 and only if, W is a parallelogram.

 We show that the metric set with distances [1, 1, 2, 1,2, 1] can be embedded only
 when the Minkowski metric has a parallelogram as its defining unit ball. Suppose this
 set can be embedded in the plane with some Minkowski metric d where 97 is the

 unit ball. Taking PI as center, P2 is on a ball of radius I and P3 on a ball of radius 2.
 Now both P2 and P4 must be in B(P1, P3), yet d(P2, P4) = 2 so that PIP3 must not be
 in the direction of any extreme point or a poinlt of strict convexity on d. If it is
 possible to embed this metric set, d& must not be strictly convex and P3 must be in
 the relative interior of the linear segment of the boundary. P2 and P4 E B(P1, P3), a
 parallelogram with sides parallel to PIT and PIT'.

 w P3

 T P2=T

 PI PI~II
 FIGURE 8a FIGURE 8b

 Now suppose P3 is not the midpoint of the face. P2 and P4 lie on TT", as in
 FIGURE 8a. P1 and P3 E B(P2, P4) so that P2P4 cannot be in the direction of an
 extreme point or a point of strict convexity of aq. B(P2, P4) must also be a
 parallelogram. Whatever the placement of P2 on TT", the angle measure of C P1 P2 P3
 must be greater than that of C P1WP3. Since d(Pl, P2) = d(P2, P3) = 1, .C4 PIP2 P3 iS
 equal in measure to a central angle of 97. This cannot happen, as q is centrally
 symmetric and the sum of the angle measures of C4 PI P2 P3 and C4 TP1T' must not be
 more than 1800. Thus P3 must be the midpoint of the face as in FIGURE 8b.

 Reasoning as above about central angles of q, P2, and P4 must be at the endpoints
 of this face of the unit ball. Then P1P3 must be congruent to another face of the unit

 ball and C' Pl P2 P3 is equal in measure to a central angle. But the sum of the angle
 measures of C P4 P1 P2 and C P1 P2 P3 is 1800. Since W is centrally symmetric, a@
 must be a quadrilateral with sides parallel to P2P4 and P P3. Briefly and intuitively,
 two points can be on the same face and also on opposite faces of a centrally symmetric
 convex set if that convex set is a parallelogram.

 To show the converse, let d1 and d2 be two Minkowski metrics in the plane, so

 that (di, R2) and (d2, R 2) are the respective metric spaces with 71 and 92 the
 defining unit balls. If there is a nonsingular transformation of the plane mapping .Wj
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 onto 72' then (d,, R2) is isometric to (d2, R2) [1]. Any metric set of four points can
 be embedded in the plane endowed with the max metric [4], and any parallelogram
 centered at the origin is the image of a square under some nonsingular linear
 transformation of the plane. Thus a given metric set of four points can be embedded
 in the plane with a Minkowski metric where the unit ball is a parallelogram.

 Appendix The construction to embed a metric set of four points in the plane is the

 following: Let F = {P1, P2, P3, P4) and dij = d(Pi, Pj) for i, j = 1, 2, 3,4. The set of six
 distances is [d12, d23, d3l, d14, d24, d34]. We find the maximum sum of disjoint dis-
 tances, a= max(d12+ d34, d23 + d14' d13 + d24). Relabel the points if necessary so
 that a = d12 + d34. Then introduce PO, called a separating point of F, so that
 dl2= do, + do2 and d34 = do3 + do4 (extending the above notation in an obvious way
 so that i or j may be 0). Then an isometric embedding of F in the plane with the
 max metric consists of the following points:

 PO = (0,0);

 P, = (do,,d14- dO4);

 P2 =( -do2, do3 - d23);

 P3 =(do- d13, do3); and

 P4= (d24 -do2, -do4)

 For example, suppose we have the set of six distances [3,4,5,2,2,5] ordered as
 above. Check out the sums of disjoint distances: They are 3 + 5, 4 + 2, and 5 + 2.

 Then a = 8 and let doi = 2, do2 =1, do3 = 3, and do4 =2; the embedding will not be
 unique, as other choices as possible. Here the embedding of F and a separating point
 will be PO = (0, 0); P1 = (2, 0), P2 = (- 1, - 1); P3 = (- 3,3); P4 = (1, - 2).
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A Biased Random Walk with Symmetry 

J. N. BOYD 
P. N. RAYCHOWDHURY 
Virginia Commonwealth University 
Richmond, VA 23284-2014 

Let us consider a random walk on an equilateral array of points and connecting 
segments such as that shown in FIGURE 1. In the triangular array, which we denote 
by its vertices as AV1V2V3, each interior point Q has six adjacent points Ai and each 
boundary point B (which is not a vertex) has two adjacent points on its side, C1, C2. 

We wish to find the prWobability of reaching a particular vertex, which we may as 
well take to be V1, from any starting point X. That is, we set for ourselves the problem 
of computing p(X), the probability of reaching V1 from starting point X subject to 
the conditions to follow. 

First, suppose that X = Q, an interior point of the array. That situation is illustrated 
in FIGURE 2, where we also see that A4A111V1V2, A5A212VlV3, and A6A311V2V3. Then 
imagine that the walk drifts toward V1 in a manner symmetric with respect to motions 
toward sides V1V2 and V1V3. Letting Pk be the probability of moving from Q to Ak, we 
take p4 = p5 =s/3 (< S < 1), P1 = P2 = (1 - s)/3, and p3 = P6. (Ifs = 2, we would 
be back to a simpler random walk that we have previously discussed [1].) Our aim is 
to produce a solution in convex (or barycentric) coordinates. The original impetus for 
our work was provided by the development of random walks on rectangular networks 
given by Doyle and Snell [2]. 

We can write 

p(Q)= ( [ p(Al) + p(A2)] + s [ p(A4) + p(A5)] + 6[p(A3) + p(A6)] 

(1) 

where p(Ai) is the probability of reaching V1 from Ai. We take the boundary of 
AV1V2V3 to be a trap with p(V2) = p(V3) = 0 and p(Vl) = 1. In other words, the 
random walk can never reach V1 from either V2 or V3. If the walk reaches a point of 
V2V3 - {V2, V3}, the probability of moving along the side toward V2 is 1 as is the 
probability of moving toward V3. The probability of moving back into the interior is 
zero. Thus the probability of reaching V1 from any point of the entire side V2V3 is 
zero. 

If X = B E V1V2 U V1V3 - {V1, V2, V3} as in FIGURE 1,. the probability of moving 
along a side toward V1 is s and the probability of moving along a side toward the 
other vertex is 1 - s. The walk cannot return to an interior point and the probability 
of reaching V1 from B is 

p(B) =sp(C2) + (1 -s)p(Cl) (2) 

With the probability of reaching V1 defined at V1 by p(Vl) = 1 and on V2V3 as zero 
and with the average value properties given by (1) and (2), we now have the problem 
of writing an expression for the probability of reaching V1 from any starting point X 
of the array. We will write that expression in terms of the convex coordinates of X 
with respect to V1, V2, V3. 
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V1 

c ~~5 A4 

B 6 3 

C~~~~A A 

V2 V3 

FIGURE 1 
An equilateral grid for a random walk. 

V1 

A6A4 

A AX 

V2 V3 

FIGURE 2 
Interior point Q as starting point for a random walk with drift toward V1. 

Solution. Let us suppose that an equilateral array of points has n + 1 points on 
each side. Then there are - (n + 1)(n + 2) points in the array and the separation 
between nearest neighbors is 5 = 1/n. A typical point of the array has convex 
coordinates with respect to V1, V2, V3 given by (a,, a2, a3) = (a/n, b/n, c/n) where 
a, b, and c are nonnegative integers with a + b + c = n (see [3]). If point Q (as 
shown in FIGURE 2) has convex coordinates (a/n, b/n, c/n), then the nearest 
neighbors have convex coordinates as listed in TABLE 1. 

Next we need to find a function of the convex coordinates of Q that satisfies the 
average value properties (1) and (2) on the array. Such a function ought to involve 
some ratio of the probabilities of moving toward and away from V1. A likely candidate 
in our problem is f(Q) = (1 - S/S)naa = (1 -S/S)a where the convex coordinates of 
Q are as given above. 
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TABLE 1. The convex coordinates of Q and its nearest neighbors. 

Point a1, a2, a3 nal 

Q -n n na 
a lb i c 

A1 -n n-+-n n a-i 
a 1 b c 1 

A2 ---,-,-- a-i 2 ~ n n n n n 
a b 1 c 1 

3 n n n-- n+ a 

a l b 1 c 
A4 ~-+-, ---, - a+l1 4 ~n n n n' n 

a 1 b c 1 
A5 -+----- a+i1 5 ~ n n n n n 

a b i c 1 
A6 n n n+nn- a 

From our table, we can evaluate f at the seven crucial points, Q and its nearest 
neighbors: 

f(Q) ( s) 

f(Al) =f(A2) = ( s 
)a 

f(A3) =f(A6)=(1s) 

f(A4) =f(A5) = (1 s )a1 

Substituting these values into the right-hand side of (1), we obtain 

1 2 1_ )a 2( -S)a+I 1_ Sa] (1 _ Sa (1 na, 
3 [i 

- 
sa( a + s +s ( ( s_ ) 

thereby substantiating our claim for our candidate. It follows from further, simple 
substitutions that 

p(Q) =Mt +N 

(where M and N are constants) must also satisfy (1). 
If point B of FIGURE 1 has convex coordinates (a/n, b/n,O), then the convex 

coordinates of C1 and C2 are 

(n n'n+n>?) 
and n' 

respectively, and it is an easy matter to show that f(B) = (1 - S/S)a also satisfies (2) 
as does p(B) = M(1 - S/S)nal + N. Had B been a point of V,V3, the same result 
would hold. 

We can now adjust M and N so that p(V)= 1 and p(V2)=p(V3) = O. Since 
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a1 = 1 at V1, we require that 

M _s 
n 
+N= 1. (3) 

Since a, = 0 at V2 and V3, we also require that 

M+N=0. (4) 

Solving (3) and (4) for M and N, we find that 

M= < and 
(1 S ) 

1 N= sn>0?. 

Then 

1-_ ( 1S ) 

for X any point of the array. 

The uniqueness of the solution Equations (1) and (2) give an average value 
property for the probability function p(X) and would become defining equations for 
an harmonic function if s were permitted to take on the value 2. By reasoning 
analogous to that for harmonic functions, the average value property implies that 
p(X) acquires both its maximum and minimum values on the boundary of lAV1V2V3. 

Thus, if p(X) and p'(X) both satisfy (1) and (2) and agree on the boundary of 
AV1V2V3, then their difference p(X) - p'(X) also satisfies the equations and has the 
value 0 at all boundary points. It follows that p(X) - p'(X) has both maximum and 
minimum values of 0. Therefore p(X) = p'(X) at all points of the array and our 
solution is unique. 
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Euler's Theorem for Polynomials 
WILLIAM P. WARDLAW* 
U. S. Naval Academy 
Annapolis, MD 21402 

The similarity of the theory of divisibility for integers and that for polynomials is 
striking. For example, the Euclidean algorithm, the formula 

(a,b)=ca+db (1) 

for the greatest common divisor (a, b) of a and b, the arithmetic of elements modulo 
a fixed element m, and the criterion 

a is invertible modulo m if and only if (a, m) = 1, (2) 

all apply equally well for integers, or for polynomials, a, b, c, d, and m. Both theories 
measure the distance of an element from a unit, by the absolute value I a I of an 
integer a, or by the degree aa of a polynomial a. (Of course, the properties 
mentioned are shared by all Euclidean domains.) 

This similarity suggests a polynomial analogue to Euler's pretty theorem on 
modular arithmetic: 

EULER'S THEOREM. If a and m are integers with (a, m) = 1 and +(m) = I{k E Z: 
0 <k < Iml, (k,m)= 1}I, then 

a =(n)= 1(mod m). 

Such an analogue does indeed exist, and the analogy is almost exact! 

THEOREM 1 (Euler's Theorem for Polynomials). Let m E K[x], where K is a finite 
field, and let (p(m)= I{f E K[x]: O < f <am and (f,m) = 1}1. Then for anyf E K[ ] 
with (f, m) = 1, 

fP(P) 
. 1(mod m). (3) 

Proof. Let K,n = K[x]/(m). Then Kr, is a ring. Let K* be the group of invertible 
elements of Kl. Then (f, m) = 1 implies that f,, =f + (m) E K*. Since I K*n =p(m), 
it follows by Lagrange's theorem that 

fq'S("l') (f, (ii) _ ( mod m). 

It should come as no surprise that an immediate corollary is an analogue to 
Fermat's Little Theorem. There are qd polynomials of degree less than d over the q 
element field K, one of which is 0. Thus it is clear that a polynomial g over K of 
degree d is irreducible if and only if Kg = K g\0o}, that is, if and only if (p(g) = 
q -1. Replacing m by g in (3) and multiplying by f (to handle the f 0 (mod g) 
case) gives 

COROLLARY 1.1 (Feimat's Little Theorem for Polynomials). Let K be a field of q 
elements and let g be an irreducible polynomial over K of degree d. Then f E K[ x] 

*Research supported in part by Naval Academy Research Council and by Naval Research Laboratory. 
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implies 

fq -Aqmod g) .(4 

Note that taking f = x in (4) shows that if g is an irreducible polynomial of degree 
d over a field K of q elements, then 

glxq - x. (5) 

This result can be useful. For example, the negation of (5) can be used to show that g 
is reducible in K[x]. If g is irreducible and g(O) O 0, (5) can be written as the 
congruence 

X 1(mod g). (6) 

The powers of x modulo a fixed polynomial f are fairly easy to calculate and can 
give considerable information about the factorization of f. We conclude with two 
examples showing how the above can be applied to investigate the irreducibility of 
polynomials over finite fields. 

Example 1. Let K = GF(2) and f= x7 + x + 1. Taking congruences modulo f, 
X7 X + 1, X X + X, X16-X4 + X2, X32 = x8 + X4 4+ X2 + X 64 8 + 4 

+X 2X4 +X, X 128X8 +X2x, and x 127 =1. Since the order of x modulo f is 
127 = 27 - 1, it follows that Sp(f) = 127, and f is irreducible by the remarks 
preceding Corollary 1.1. 

Example 2. Let K = GF(2) and g = x7 + X6 + X2 + X + 1. Taking congruences 
modulo g for xk with k = 7, 8, 10, 12, 16, 32, 64, and 128, one obtains (after 
some tedium) x128 X 5 + X4 # x. Hence, g is reducible, by (5). (Actually, g = 
(X3 + X2 + 1)(x4 + X + 1).) 

These notions are developed further in [2]. 
After this note was written, the author was made aware of Lemma 3.69 on page 122 

of [1] and the portion of Note 4 in the first paragraph of page 137 of [1], which 
indicate that some of the ideas presented here were known to Dedekind. Indeed, 
many of these notions appear in [1]. 
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 The nth Power of a 2 x 2 Matrix

 KENNETH S. WILLIAMS
 Carleton University
 Ottawa, Ontario, Canada KlS 5B6

 Let a and J3 be the eigenvalues of the matrix

 A [a b]

 We present a very simple derivation of the formula for An (n is a positive integer) in
 terms of a and j3. As A satisfies its characteristic polynomial, we have

 A2 _ (a +f,)A + a,8I = O, where I I ]. ( 1)

 The matrices X, Y, Z defined by

 {x -j, = ,-a if a ,8,

 Z=A-aI, if a =,3,

 satisfy

 JX2 =X, XY=YX=O,Y2=Y, if a 0,8,

 \Z2=O, if a=,f3,

 so that for k > 2

 Xk = X, yk = y, if a 0 ,

 if a = ,/.

 Hence we have

 All- (aX+,fY) =a aX +,/nYn =a aX+/3nY, if a 3,l,
 (aI + Z) = anj +- nan-1Z, if a= f,

 giving

 {a a ),B + -n al ) if a 3,(2 An ={(- f(i) (2)
 an-I(nA-(n-1)aI), if a=,f3.

 If the matrix A is invertible (a = 0, [3 = 0), it is easy to see that (2) holds for all
 integral values of n.

 If A is real but its eigenvalues a = p + iq and 3 = p - iq are nonreal (q = 0) with

 some power of them real, say (p + iq)..l = (p -iq)" = r, then, by (2), we have
 A??l = rI.

 In the case of distinct eigenvalues, the reader will recognize the matrices X and Y
 as supplementary projections (X + Y = I) and

 eigenspace of a = range of X = null space of Y,

 eigenspace of /3 = null space of X = range of Y.
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Another Elementary Proof of Heron's Formula 

SIDNEY H. KUNG 
Jacksonville University 
Jacksonville, FL 32211 

Modern proofs of Heron's formula for the area of a triangle are more algebraic or 
trigonometric than geometric [1], [2], [3]. This note gives a simple geometric proof of 
the formula 

K= s(s-a)(s-b)(s-c), 

where K denotes the area of a triangle ABC (FIGURE 1) with sides a, b, c, and 
s = (a + b + c)/2. 

B 

C 

A a 

b-_ ot 

C 

FIGURE 1 

The incircle of the triangle (FIGURE 2) is centered at I with radius r. One of the 
excircles is shown with center I' and radius r'. By combining the areas of triangles 
IAB, IBC, and ICA, we get 

K = rs. (1) 

A 4/ 

FIGURE 2\ 

We see that tangents AG and AH from the exterior point A are equal; similarly, 
BC = BJ, and CH = Cf. Since 
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AG + AH = (AD + DB + BG) + (AF + FC + CH) 

= (AD + DB + BJ) + (AF + FC + Cj) 
= (AD+DB) + (BJ+ CJ) + (AF+FC) 
= c + a + b = 2s, 

AG = AH = s. Since AD = AF = (a + b + c - 2(BE + CE))/2 = s - a, we obtain, by 
logical symmetry, FC = s - c. Furthermore, rt. A ADI rt. A AGI', so 

DI GI' r__r_ 

AD AG' or s-a (2) 

Note that the angle bisectors CI and CI' are perpendicular to each other; and 
/ I'CJ + / JCI = / I'CH + / ICF = / I'CH + / CI'H = 7r/2. Therefore, L ICF = 
/ CI'H, and rt. A ICF rt. A CI'H. Thus, we have 

Fl CH r s-b 
FC = HI' or s-c r' (3) 

Multiplying (2) and (3) we find 

r = V(s - a)(s - b)(s - c)/s . (4) 

Substituting (4) in (1) gives 

K = rs= s(s-a)(s-b)(s-c). 
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Proof Without Words: 1.2+23+** +(+1) nl+1* 

n/(n + nI) +1 n 

0 1 2 3 n n+ 1 

-ROMAN W. WONG 
WASHINGTON AND JEFFERSON COLLEGE 

WASHINGTON, PA 15301 

This content downloaded from 134.176.129.147 on Wed, 06 Jan 2016 07:48:49 UTC
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


This content downloaded from 193.255.248.150 on Fri, 16 Jan 2015 10:36:55 AM
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


VOL. 65, NO. 5, DECEMBER 1992 339 

Pairs of Points: Antigonal, Isogonal, and Inverse 

JAN VAN YZEREN 
Technological University 
Eindhoven, NL 5600 MB 

For many centuries Euclid's geometry maintained its classic style. But, suddenly, the 
slogans "Down with Euclid" and "Death to triangles" broke the spell; then the 
scientific bathwater nearly washed away one of mankind's finest babies. 

As a happy coincidence "Death to triangles" misses the point here, because, in this 
article, surpassing the triangle is one of the first moves. However, admittedly, the old 
geometry needs some changes in style to conform with modern mathematics. One of 
these changes is the consistent use of a slightly modified concept of angles. The idea 
is by no means new; on the contrary, "directed angles between undirected lines" 
were strongly advocated in [1] and [2]. Nevertheless, the concept did not take root 
and some books even completely ignored it [3]. Signs of life can be found in [4], [5], 
and [6, p. 9]. Surely, the fundamental modern character of the concept and its very 
practical usefulness may modify parts of Euclid's geometry in a way that will please 
even the advocates of the above slogans. 

Anyway, the various theorems that are treated in this article could not be formu- 
lated and proved adequately without the consistent use of the modern idea of angles. 
Among the theorems some special results seem to be new, although they are rooted in 
well-known ideas. 

1. ABC of angles The best way to get acquainted with the modified concept of 
angles is to look at some simple pictures. Obviously, an undirected line, when rotated 
through any multiple of rr, returns to its original direction. Let rotations be measured 
in the positive sense, then L ab is defined as a rotation of a that makes it parallel to b 
and is measured modulo 7r. Therefore, Z ba = - Z ab mod rr and Z ab + Z bc = 
L ac mod rr. Henceforth, "mod rr" will be omitted; if points on the lines are used, 
now it should be clear that, for instance, Z AOB = - Z BOC = Z COD = - Z DOA. 

The angles of a triangle ABC give Z ABC + Z BCA + Z CAB = 0. For the opposite 
sides AB and CD of a quadrangle ABCD, it is found that 

ZL(AB CD) = Z ABC + Z BCD = Z BAD + Z ADC 

= ZLABD + L BDC = L BAC + L ACD. 

Clearly, such equations can be found automatically by concatenation of angles. In 
principle, there is no need to make pictures. However, the case of cyclic quadrangles 

A 

a/ 
B D 

FIGURE 1 
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needs special attention, because they show the core property of the modified concept 
of angles: If P1, P2, P3, P4 are on a circle, then/ PhlPiPk= L PhPjPk for every 
permutation (h,i, j,k) of (1,2,3,4). Additionally, the tangents Ph at PI, give 
L(PhPh Pk)= PL, PiPk and /(PkPh Ph)= LPkPiPh (FIGURE 2). 

p ~~~~~~~~~~~~~~~~P4 
Pi 

"92 "tu2 

FIGURE 2 

2. Antigonal pairs A given triangle A1A2A3 determines pairs of points (X, X') by 
opposite angles: 

LAhXAk + / AhX'Ak = 0; h, k E { 1, 2, 3}. 

Such a pair X and X' are called antigonal points [7]. A simple construction (FIGURE 

3) leads from a given X to X': Let A1X meet the circle XA2A3 at U, then L A1XA2, 
L A2XA3 and L A3XA1 are the angles of A UA2A3; reflecting U in A2A3 gives the 
opposite triangle U'A2A3 whose angles, in the reverse way, lead to X'. 

A special pair is well known: Equilateral U1A2A3 and UA2A3 (FIGURE 4) give the 
points T and T'-of Torricelli-that view A1, A2, and A3 under angles of, respec- 
tively, 1200 and - 1200 (= 60' mod 1800). The point T is also named after Fermat [8]. 

Many other antigonal pairs can be found. If Ao is the orthocenter of A A1A2A3 
and X is, for example, on AlAO, then X' is found by reflection in A2A3. Further- 
more, if X is on the circumcircle of A A1A2A3, then X' = Ao (in FIGURE 3: U = A1). 
Obviously, Ao is an intriguing point and the following theorem even puts Ao on an 
equal footing with A1, A2, and A3. 

THEOREM. Let AlA2A3AO be an orthocentric set (AhAi I AjAk), then every point 
X = A , i e {0, 1, 2, 3}, has an antigonal point X' with / AhXAk + / AhX'Ak = 0; 
h, k E {0, 1, 2,3}. 

Proof. The triangle B1B2B3 (FIGURE 5) is formed by the perpendicular bisectors of 
AlAO, A2AO, and A3Ao. Then, conversely, the latter are the perpendicular bisectors 
of, respectively, B2B3, B3B1, and B1B2 (because C1B2 = C2C3 = B3C1, etc.). Now, for 
every point X not on AlAO there is a circle XAlAO with center M1 on B2B3. 
Reflecting M1 in A AO gives M' on B2B3 with M1B2 = B3M1. Similarly M2, M2, 
M3, M' are defined. Since M1, M2, and M3 are points of the perpendicular bisector of 
XAO, they are collinear and, therefore, make 

M1B2 M2B3 M3B1 

M1B3 M2B1 M3B2 

(Menelaus' theorem). Clearly, the analogous M'-product equals unity too. Therefore 
M', M', and M' are collinear, that is, the reflections of the circles XA,A0, XA,2A0, 

This content downloaded from 128.235.251.160 on Tue, 16 Dec 2014 01:36:28 AM
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


VOL. 65, NO. 5, DECEMBER 1992 341 

Al Al 

x 

G 

U1 

FIGURE 4 
A1 

c1\~ 

A4~~~~~~~~ 

FIGURE 5 

XA3A0 in A1A0, A2A0, A3A0, respectively, pass through Ao and a point X'. The 
latter is the antigonal point of X, because L A1XA2 = L A1XA0 + L A0XA2 - 
L A0X'A1 + L A2X'A0 = L A2X'A1, etc. As the excluded cases (X on A1A0, etc.) are 
trivial (see above) the proof is complete. 
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This theorem agrees with the internal symmetry of AjA2A3A0 that gives in four 
ways a triangle with an orthocenter. The four circumcircles are mutual reflections in 
the six sides. The points of circumcircle AhAjAk are the antigonal images of Ai. The 
exclusion of Ai from the above theorem is motivated by its multiple images. Again, 
when scaled down in the ratio 2, from its own orthocenter, each circumcircle 
becomes the nine-point circle, i.e., the circle through the midpoints of the six sides 
and the three pedal points (AhAAi n AAk). 

There is a special reason to look back to the Torricelli points (FIGURE 4), because 
the centroid G of A A1A2A3 appears to extend the angular T, T'-contrast to five 
points, namely, A1, A2, A3, AO, and G. Clearly, a proof of L GTA1 = L A1T'G is 
sufficient. It is found by using the fact that A1T is parallel to GG1 (on the median 
A1D: GD/A1D = 1/3 = G1D/UlD) and U1T I TG'. This, indeed, implies that G1G 
is the perpendicular bisector of TG'1. Hence, L G1GG' =LTGG1= GTA1 and 
then, by symmetry, / GTA1 = LA1T'G. 

Rather remarkably L TGT' has GG1 and GG'1 as a pair of trisectors. Even more, if 
FIGURE 4 is supplemented with the obvious points U2, U3, G2, G3, G'2, G'3, then 
AjUi, i e (1, 2, 3} pass through T at angles of 600 and appear of equal length [8, p. 83]; 
again, GGi (= (1/3)AiUi) determines an equilateral triangle G1G2G3 with center G 
and circumcircle through T'. This A GG2G3 and its counterpart A G1G'G'3 are the 
Napoleon triangles of A A1A2A3 [8, p. 63]: GGi, GG' form the three pairs of 
trisectors of L TGT'. 

3. Locus of midpoints Other suggestive, special cases are provided by points that 
are far away from A1A2A3AO. In fact, if X "nears infinity", the lines XAi become 
practically parallel and it is seen that X' must go far away in the opposite direction. 
Then, one wonders about the behaviour of the midpoint of XX'! After scrutinizing the 
various known special cases (e.g., X and X' on A 1A0, or X = A2, X' = any point of 
circle A1AOA3) a general theorem comes in sight: 

THEOREM. The midpoint of XX' lies on the nine-point circle. 

Proof. Let al (FIGURE 6) be the tangent of circle A1XX' at A1: L(a1A1X)= 
L A1X'X. The intersections T, V and V' of, respectively, a,, A1X and A1X' with 
circle A1A2A3 give reflections in A2A3, viz., To, V0 and V0 on circle A2AOA3. Again, 
on this circle, let N be the point with ToN IIXX'. Then, NVo IA 1X', because L Vo NTO 
= / TAIV = / (aIAIX) = / A1X'X. Furthermore, RX * RU = RA2 RA3 = RA1 * RV 
leads to RX/RA1 = RVO/RU'; hence, X is on NVo. Similarly, NVoIIAIX and X' is on 
NVo. Now, A1 XNX' is a parallelogram and the dilatation with center A1 and ratio 2 
transforms, respectively, ToN into the line XX', N into the midpoint M of XX', and 
circle A2AOA3 into the nine-point circle. 

Remark 1. The tangents ai of the circles AiXX' are parallel. For instance, 

L(a1A1AO) = L(a1A1X) + / XA1AO = L A1X'X + ZLAIXAO + L XAOA1 
= /AIX'X + /A0X'A1 + /XAOA1 = LAOX'X + XAOA1 

= L(aoAoX) + / XAOA1 = / (aOAOA1). 

The parallels of ai through the pedal points P1, P2, P3 appear to be isogonally related 
(see section 4) to P1S, P2S, P3S, with S the midpoint of A1To (e.g., P1SIIA'`TO). At S, 
as at M, XX' meets the nine-point circle. 

Remark 2. A1 and N form an antigonal pair with respect to A2XX'A3 (not an 
orthocentric set). Such pairs are common in this part of geometry. From a higher 
viewpoint, orthogonal hyperbolas appear to be involved. 
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FIGURE 8 

4. Characteristic equations When returning to the basic triangle A1A2A3 there 
appear to be other pairs of points that are related to the antigonal ones. 

Firstly, there are the isogonal pairs Y, Y' (FIGURE 7; [4] and [8]) with 

L AhAiYL/Y'AiAk; h,i,k E{1,2,3}. 

Whereas antigonal X, X' give, for instance, A A2XA 3 + L A2X'A3 = 0, it now follows 
that 

L A2YA3 + L A2Y'A3 = L A2YA3 + Y'A2A3 + L A2A3Y' 

= ZA2YA3 + LA1A2Y + L2YA3A1 = LA2A1A3 

Secondly, there are the inverse pairs Z, Z' (FIGURE 8; K: circumcenter) with 

KZ KZ'-(KAi)2, ie{1,2,3}. 
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Obviously, similar triangles: A KA2Z - A KZ'A2, A KA3Z - A KZ'A3 give 
LA2ZA3 = A2ZK+L-KZA3=L-KA2Z'+ / Z'A3K; hence / A2ZA3 + / A2Z'A3 
- LA 2KA 3 = 2L A2A1A3. This corresponds to the last of the following characteristic 
equations: 

antigonal pairs: LAhXAk + LAhX'Ak = 0; h, k E {1, 2, 3}; 
isogonal pairs: LAhYAk + LAhY'Ak = / AhAiAk; h, i, k E {1, 2, 3}; 
inverse pairs: LAhZAk + LAhZ'Ak = 2L AhAiAk; h, i, k e {1, 2, 3}. 

From these equations it is seen that the three types of pairs are interconnected by the 
following: 

THEOREM. If X, X' is an antigonal pair and if both X, Z and X', Z' are isogonal 
pairs, then Z, Z' is an inverse pair. 

As an interesting special case, it is stated without proof that the Torricelli points 
T, T' are isogonally related to the inverse pair I, I' that are the intersections of the 
three Appollonian circles (circles AiBiBi with Bi, B' the intersections of AJAk and 
the bisectors of / Ai; i, j, k E {1, 2, 3}). 

The theorem gives a kind of quadruplication in the context of the orthocentric 
quadrangle A1A2A3A0. The idea is to make a three-step transformation X -> Z ->Z' 

> X', built up of, in succession, isogonality, inversion, isogonality. However, this can 
be done with each of the four triangles A1A2A3, A2A3Ao, A3AoA1, and A0AjA2, 
shown in duplicate in FIGURE 9, with their respective circumcenters heavily marked. 
Now, the left side of FIGURE 9 shows the point X and its four isogonal images 
ZO, Z1 Z2, Z3. Then, by comparing the left and the right, the four inversions Zi ->Z' 
can be seen. At last, on the right side, four isogonal mappings give the same image: 
z'i _>X'. 

The figure shows a piece of "parallel processing": the four inversions are effected 
along parallel lines. For a proof, let Z* be the reflection of Z1 in A2A3. Then, 
LA3A2Z1 = LZ1A2A3 = LA0A2X = LA0A2A3 + LA3A2X = LA1A2K + 

LZOA2A, = LZOA2K. Similarly, / Z1A3A2 = LKA3Zo. Hence, Z*, Z0 is an isogo- 
nal pair in A KA2A3 and, therefore, / Z 0KA = / A2KZ * = Z Z1K*A2. Clearly, 
KA3IIK*A2, hence ZOKIIZ1K* and, similarly, the other parallelisms. 

Al Al 

K 
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5. Reflections in the sides Antigonal, isogonal, and inverse pairs are interconnected 
in a direct way by reflections in the sides of the given triangle A1A2A3. In FIGURE 7 
the point Y gives the reflected images Y1, Y2 and Y3. Clearly, Y2, Y3, and Y are on a 
circle around A1. Hence, / Y3Y2Y= Y3A1Y= L A2A1Y. Now, let Y' be the 
circumcenter of A Y1Y2Y3. As A1Y' and A1A3 are perpendicular bisectors of Y2Y3 
and YY2, it follows that L Y'A1A3 = LY3Y2Y = L A2A1Y. That is, A1Y and A1Y' are 
isogonal lines at A1 and similarly at A2 and A3. Hence, Y' is the isogonal image of Y 
with respect to A A1A2A3. Again, reflecting the inverse pair Z, Z' of FIGURE 8 gives 
the triangles Z1Z2 Z3 and Z'1 Z'2 Z'3 that will be shown to be oppositely similar. Now, 
it is seen (note circles around A3 and A2) that LZ2Z1Z = L A1A3Z and / ZZ1Z3 
L ZA2A1. Addition leads to / Z2Z1Z3 = LA2ZA3 +/ A3A1A2 =/ A2ZA3 - 

L A2A1A3. Similarly with primes added, hence, 

LZ2ZlZ3 + / Z Z1Z3 = L A2ZA3 + /A2Z'A3 - 2A2A1A3 = 0. 

Thus, AZ1Z2Z3 and A Z'1Z'2Z'3 are oppositely similar indeed and this property 
appears to be equivalent to the characteristic equations of inverse pairs. 

6. Inversive geometry Isogonal pairs and their characteristic equations lead to 
another scene: the geometry of circles, the "inversive geometry" [8, p. 103]. A pair 
Y, Y', isogonal with respect to A P1 P2P3, satisfies the equation 

ziP2fP3 + / P2I P3 = / P2P1P3. 

As a consequence, the circles YP2P3, Y'P2P3 and circumcircle P1 P2 P3 give 

L(YP2P3) + L(y'P2P3) = / (PP2P3), y, y', p: tangents at P2. 

In words: The circles YP2 P3 and Y'P2 P3 are isogonal with respect to the circumcircle 
and P2 P3. In this statement P2 P3 is the only line. 

Inversive geometry, however, closes the plane with one point P "at infinity" and 
conceives lines as circles through P. Thus, A P1P2 P3 and its circumcircle form a set 
of four circles: P1P2 P, P2 P3 P, P3P1 P, and P1 P2 P3, and Y determines six circles: 
YIP1P2, YP2P3, YP3P1, YP1P, YP2P, and YP3P, that combine with six analogs through 
Y' to pairs that are isogonal with respect to the set of four. This is a reminder of 
earlier findings and, indeed, FIGURE 6 shows the orthocentric set AIA2A3A0 and the 
antigonal pair X, X' with circles XA2A3 and X'A2A3 that are isogonal with the 
circumcircles A 1A2A3 and AOA2A3. Thus, X, X' are an isogonal pair with respect to 
the four circumcircles of A1A2A3A0. Even more (FIGURE 10), the incenter I and the 
excenters 11, 12, 13 of A P1P2 P3 form an orthocentric set and antigonality with respect 
to 1112131 will appear closely related to isogonality with respect to A P1P2P3. As a 
preliminary result it is useful to check that the four circles of 1112131 and those of 
P1 P2 P3P have the same bisector circles. Six of them are lines, e.g., 11IPIP, 1213 P1 P, 
and six are circles, e.g., I1P2 P3, 1213 P2 P3. 

Remark. The four circles through four non-concyclic points determine 12 bisector 
circles that again pass through four points, with four circles and the same bisectors. 
For a proof: Invert a basic point into P. A simple example involves parallelograms. 
The circles Xlii and X'IiI through antigonal X, X' are mutual reflections in Ii IPi P 
and the isogonal "circles" YPi P and Y'Pi P are too. It appears to be a matter of 
commuting I's and P's. However, note that antigonality appears at the points X and 
X' themselves whereas isogonality of Y, Y' appears at the points P1, P2, P3. Addition- 
ally, both appear in "directions", i.e., at P. Inversion, the great tool of inversive 
geometry, transforms any circle into a circle and any angle between circles into its 
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exact opposite. As for the I's and P's, the inversion with center I and product: 
111 *P1 = II2 * IP2 = 113 * IP3 commutes 1112131 ? PIP2P3P. Let it be denoted by (I). 
The analogous inversion (11) commutes 1112131 ? PP3 P2 P1; similarly (12),(13). It is 
(I) that transforms a pair X, X', antigonal with respect to 1112131 (recall the six pairs 
of reflecting circles) into a pair Y, Y', isogonal with respect to A P1P2P3 (and 
reversely). Again, (Ii), i E {1, 2, 3}, transforms X, X' into Yi, Yi' giving YY'IlYiYi'. 
Indeed, YY' (i.e. PYY') is parallel to the tangent of circle IXX' at I and this tangent is 
parallel to those of IiXX' at Ii (see remark 1 in 3.). A direct proof of YY'I YiYi' will be 
given in due time, by using the two-fold transfonnations (I)(Ii). 

D 1~~~~~~~2 

x )x/ 

x~21 

II 

FIGURE 10 

These three transformations (I)(i) = Ki, i E (1, 2, 3}, just run things. It is easily 
found that K1 commutes I ? I;, 12 ? 13. By symmetry it follows that K1 = (I)(Ii) = 
(I1XI) = (12)(13) = (13)(12) and similarly K2 and K3. Clearly, K7' = K , HhKi = 
(Ih)(I )(I)(I) = (Ih)(Ii) = Kj, h, i, j E (1, 2, 3}, that is, (Identity, K1, K2, K3} is a 
group, the "four group" of Klein. The effects of the Ki are remarkable. Any point W 
forms a set of four with KiW= Wi. If V is one of the latter, say V = K1W, then KiV 
are again W, W3, W2. Two sets are at hand: P with Pi = Ki P and I with Ii = Ki I. 
Renumbering the I's, with I an excenter and Ii on Pi I, leaves the numbering of K1, 
K2, K3 unaffected. They are associated to P1, P2, P3. 

The sets of four points can form pairs. If Y, Y' are isogonally related with respect 
to A P1 P2 P3 then Yi, Yi' are too. Furthermore, in order to give a direct proof of, for 
example, YY'IIY1Yt, let (P1) be the inversion with center P1 and product P1I * P 1I, 
and let (PII) be the reflection in PI1. Then, (Pl1)(P1) appears to commute I ?S II, 
12 ?4 13, hence it is K1. Now, (P1I)(PI) refers Y to Y1 on P1Y' and Y' to Y' on P1Y, 
also giving P1Y P1Y1 = P1Y' P1Y, i.e., P1Y/P1Y/ = P1Y'/P1Y1. Hence, YY'IIYY1. 

Again, if X, X' are antigonally related with respect to 1112131, then Xi, X are too. 
Furthermore, the working of (P1I)( PI) makes A P1X2 X2 A P1XX3. Consequently, 
the (not lettered) midpoints M2 and M3 of X2X2 and X3X3 give / P1M2X2 
L P1M3X'. Because P1, M2, and M3 are on the nine-point circle, M2X2 and M3Xi 
meet on it. The conclusion is that the four lines XX', X X' meet on the nine-point 
circle. (For their meet S, see Remark 1 in 3.) Each of the sets {X, Xi}, (X', Xi), {Y, YJ}, 
and {Y', Yi} can be seen as an example of a set of Ki-connected points W, Wi. Any 
such set forms angles with 1112131 that are interrelated in a simple way. It is 
sufficient to look at relations that are caused by K1: 

LW 1=I 11WI, / 1W112 = /lWI3 ? 2, L12W113, = 313W12. 
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The first and the last equation follow from the fact that K1 reflects any circle 
through I and I, in II, and any circle through 12 and 13 in 1213. The second equation 
expresses that K1 transforms any circle through I and 13 into a circle through II and 
12, especially the "circle" 113P into the bisector circle perpendicular to 1112. This 
explains the term + 2+n. 

Finally, K1, K2, and K3 transform two antigonal sets of four lines: XIP, X1iP and 
X'IP, X'liP into antigonal sets of circles through, respectively, P1, P2, and P3. Thus, 
antigonality with respect to 1112131 does appear not only at P (viz. from "directions") 
but also at the pedal points P1, P2, P3. Even more, by the inversion (I) antigonality 
enters the case of isogonality: 

THEOREM. If Y, Y' is an isogonal pair with respect to A P1 P2 P3 and I is the incenter, 
then the line YIP and the circles YIPi are antigonally related to the line Y'IP and the 
circles Y'IPj; and simnilarly for each excenter. 

A direct proof of this theorem (and the analogs for Ij) is left to the reader. 
The author thanks the referee for helpful suggestions. 
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Proposals 
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1408. Proposed by Syd Bulman-Fleming and Edward T. H. Wang, Wilfrid Laurier 
University, Waterloo, Ontario, Canada. 

Let S be a commutative, cancellative semigroup and let P(S) denote the semi- 
group of all nonempty subsets of S under the operation defined by X Y = {xylx, y E SI 
for all X, Y E P(S). Characterize all those elements of P(S) that are cancellative. That 
is, find all A E P(S) with the property that if X, Y E P(S) and A X = A Y, then 
x = Y. 

1409. Proposed by Gerald A. Heuer, Concordia College, Moorhead, Minnesota. 

Does there exist a convex pentagon, all of whose vertices are lattice points in the 
plane, with no lattice point in the interior? (Cf. 1990 Putnam Competition, A3.) 

1410. Proposed by Seung-Jin Bang, Seoul, Republic of Korea. 

Prove that [n1/3 + (n + 1)1/3] = R(8n + 3)1/3] for every positive integer n. 

141 1. Proposed by Miguel Amengual Covas, Cala Figuera (Santanyf), Mallorca, 
Spain. 

Let C, and C2 be nonconcentric circles in the plane, and consider the set of lines 
that intersect Cl and C2 in equal chords. Show that these lines are all tangent to a 
single parabola. 

1412. Proposed by Sam Northshield, State University of New York, College at 
Plattsburgh, Plattsburgh, New York. 

Let g: N R be a bounded function and f: N -> N a function such that 
limn -of(n) = oo. Show that if c > 1 and limn,(cg(n) - g(f(n))) exists, then 
limnoo g(n) exists. 

ASSISTANT EDITORS: CLIFrON CORZAT, BRUCE HANSON, RIcIIARM KLEBER, KAY SMITII, and TIIEOi3oRE 

VESSEY, St. Olaf College and MARK KRUSEMEYER, Carleton College. We invite readers to submit problems 
believed to be new and appealing to students and teachers of advanced undergraduate mathematics. 
Proposals should be accompanied by solutions, if at all possible, and by any other information that will assist 
the editors and referees. A problem submitted as a Quickie should have an unexpected, succinct solution. An 
asterisk (*) next to a problem number indicates that neither the proposer nor the editors supplied a solution. 

Solutions should be written in a style appropriate for Mathematics Magazine. Each solution should begin 
on a separate sheet containing the solver's name and full address. 

Solutions and new proposals should be mailed in duplicate to Loren Larson, Department of Mathematics, 
St. Olaf College, 1520 St. Olaf Ave., Northfield, MN 55057-1098 or mailed electronically via fax: (507) 
663-3549 or e-mail: larson@stolafedu. 
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Qu ickies 
Answers to the Quickies are on page 354. 

Q797. Proposed by Murray S. Klamkin, University of Alberta, Edmonton, Alberta, 
Canada, and dedicated to the late Joseph Konhauser, Macalester College, St. Paul, 
Minnesota. 

Determine the maximum and minimum values of 

S = sin2 x + sin2 y + 2k sin x sin y 

where x, y > 0, x + y = a, and a, k are given constants with 0 < a < w. 

Q798. Proposed by Howard Morris, Chatsworth, California. 

Can the integers modulo 28 be partitioned into two sets, {xil'41 and {yi}l'41 so that 
Yi- xi-i (mod 28)? 

Q799. Proposed by Bjorn Poonen, University of California, Berkeley, California. 

Let S, and S2 be nondegenerate n-dimensional simplices (not necessarily regular) 
in Rn. Let a1 be the number of vertices of Sl in the interior of S2 and let a2 be the 
number of vertices of S2 in the interior of Si. For fixed n, find the maximum of 
a, + a2. 

Solutions 

Probabilities of partial sums December 1991 

1383. Proposed by Michael Handelsman, Erasmus Hall High School, Brooklyn, 
New York. 

Integers from 1 to n are randomly generated (as by a computer). Each integer has 
an equal probability of being selected, and unlimited repetition is permitted. As 
integers are generated, a running sum is recorded. 

Given any integer k, such that 1 < k < n, what is the probability that a sum of 
exactly k will be reached? 

I. Solution by Philip D. Straffin, Beloit College, Beloit, Wisconsin. 
Let P(n, k) be the probability that a run using the integer n will produce a sum of 

exactly k. We will show that P(n, k) = (1/n)(1 + 1/n)k- 1, for 1 < k < n. 
First note that P(n, 1) = 1/n. Next, for 2 < k < n there are two kinds of runs that 

produce a sum of k. The first is a run that starts with 1, followed by a run that 
produces a sum of k - 1. The probability of this is (1/n)P(n, k - 1). The second is a 
run that starts with an integer 1 <m < k. Every run of this type has the same 
probability as a run reaching k - 1, which is identical to it except that it starts with 
m - 1, so the total probability of a run of this type is exactly P(n, k - 1). Thus 

P(n,nk) = d1 + u P(n,k - 1), 2 fk An, 
and theresult ollows 
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II. Solution by Reiner Martin (student), University of California at Los Angeles, 
Los Angeles, California. 

It is well known that the equation a, + +a =k has (k -) solutions with 
positive integers a,, ..., ai. Thus, the probability in question is 

k k-1 1 = 1 E 
k ( )k =n 1 k ) 

Also solved by Robert A. Agnew, Gary Amende and Tommy Tze (students), Michael H. Andreoli, Gene 
Arnold, Pierre Barnouin (France), Donald Batman, Arthur Benjamin, Robert E. Bernstein, Ed Blaise 
(student) and Karl A. Beres, Stephen Bronn, Centre Problem Solving Group, Michael W. Chamberlain, Xi 
Chen (student), Paul Chiou, Con Amore Problem Group (Denmark), Robert L. Doucette, Drew University 
Math 101, Milton P. Eisner, Thomas E. Elsner, Jiro Fukuta (Japan), Herbert Gintis, Jerrold W. Grossman, 
Ram Prakash Gupta (Virgin Islands; two solutions), David Hankin, Russell Jay Hendel, Robert High, Mack 
Hill, Chuck Hixon, Dave Horn, R. Daniel Hurwitz, Paul Irwin, Bruce R. Johnson (Canada), Kiran S. 
Kedlaya (student), Dovie Kimmins and Nell Rayburn, Emil F. Knapp, John Koker, Ed Korntved, H. K. 
Krishnapriyan, John W. Krussel, Dennis Kunimura, Norman F. Lindquist, Peter W. Lindstrom, Andy 
Martin, Helen M. Marston, Ray McClanahan, Larry Olson, E. D. Onstott and N. N. Gurwell, John Oman, 
Andrej Panjkov (Australia), Nicholas Passell, P. J. Pedler (Australia), Edsel A. Peina, Miguel A. Diaz 
Quiiiones (Spain), F. C. Rembis, H. D. Ruderman, Richard F. Ryan, Tony Scalise and Vance Cochrane, 
Harvey Schmidt, Jr., Rob Schneiderman (student), Harry Sedinger, Heinz-Jiirgen Seiffert (Germany), John 
S. Sumner, Patrick Touhey, Gilbert Traub, University of North Texas Problem Solving Group, University of 
Wyoming Problem Circle, Michael Vowe (Switzerland), Robert J. Wagner, Jack V. Wales, Jr., William P. 
Wardlaw, Richard Weida, Mark R. Woodard, Chengmin Yang, and the proposer. 

Agnew, Traub and Wales gave expressions for arbitrary k, and observed, along with Lindstrom, that for 
kin, P(k) = (1/n)Ek-__nP(j); that is, P(k) is the average of the previous n probabilities. One 
consequence of this is that max, s k <koP(k) = P(n); that is to say, n is the integer most likely to appear in 
the running sum. David Callan, University of Wisconsin, points out that this problem is rather well known, 
see Problem 1217, this MAGAZINE, Vol. 59, No. 3, June 1986, pp. 174-175, and the comments following the 
solution. 

Periodic matrices December 1991 

1384. Proposed by William P. Wardlaw, U.S. Naval Academy, Annapolis, Maryland. 

A square matrix M is periodic if and only if there is a positive integer r and a 
nonnegative integer s such that Mr,, = M,. Characterize those fields K such that 
every square matrix over K is periodic. 

Solution by Reiner Martin (student), University of California at Los Angeles, Los 
Angeles, California. 

Every square matrix over K is periodic if and only if the characteristic of K is 
positive and K is algebraic over its prime subfield k. 

If the characteristic of K is zero, the matrix 21 is not periodic, where I denotes the 
identity matrix. If K is not algebraic over k, the matrix al is not periodic, where 
a E K is transcendental over k. 

Now let A = (aij) be a square matrix over K, where K has positive characteristic 
and is algebraic over k. Then k is finite, and the field L C K obtained by adjoining 
the elements aij to k is finite. It follows that A must be periodic, because there are 
only a finite number of possibilities for distinct powers of A. 

Also solved by D. K. Cohoon, David Callan, Xi Chen (student), Con Amore Problem Group (Denmark), 
F. J. Flanigan, Furman University Problem Solving Group, Stephen I. Gendler and Dipendra Bhattacharya, 
Joel K. Haack, David Koster, Harvey Schmidt, Jr., and the proposer. A partial solution was submitted by 
Colonel Johnson, Jr. and the Jaguar-10 Student Chapter of MAA, Southern University, Baton Rouge, 
Louisiana. 
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A family of irrational numbers December 1991 

1385. Proposed by Howard Morris, Chatsworth, California. 

Let f(x) = IH=(1 + x/2'). Show that at the point x = 1, f(x) and all its 
derivatives are irrational. 

Solution by the Trinity University Problem Group, Trinity University, San Antonio, 
Texas. 

We first express f(x) as a power series E=oAn xn. It is immediate that AO= 1. 
Also, 

00 /\ 

A1= 
j=1 

and 
11 00100 0 1( 00 i\ 1\ 

j=1 k>j 2 2 j= 1 2 k=i 2 J1l2'\2k-= 1 2 j=1 

In general, 

An+l 2i 2 k , . . . 11 1 
j= 1 k1>j k2>k1 kn>k1j_1 

00 ( n+l+0~1 

J=1 2 k1k k k > 2k1 2k2 2kn 

= (jn+1) An= 2nL1- An 

1 1 1 

= ~ ~ ~ ~ n . .A 

2 nl- 1 2 n 1 21 -1 

In what follows, f(x) will be denoted by f (0)(x) and, for j > 1, f(J)(x) will denote 
the j-th derivative of f(x). Term-by-term differentiation gives 

f (j)( x) = An( n)jXn-j, 
n =j 

where (n) = n(n - 1) * *(n -j + 1), so 
00 

1:)() EAn( n)j, j > 0. 
n =j 

Now fix j and assume that f ()(1) is a rational number p/q, p and q integers. 
Then, 

k oo 
O < P - 

1: An(n)j = E An(n)j() 
q n =j n=k+l 

where Ek= .A (n)j is a rational number that can be written in the form a/b, with 
b = (2- 1)(22 -1) (2k -1). Multiplying expression (*) by bq gives 
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O <bp-aq =q E (2-1)(2 2- 1) ... (2k -1)An(n)j 
n=k+l 

00 ~~~1 
n=k+ (2k+1 - 1) - (2n-1) (n)j 

with bp - aq a positive integer. The right side is less than qE(n)j/(2n - 1), which 
converges, so by taking k large enough we can make the right sum as small as we 
wish. We have thus produced a positive integer lying between 0 and 1. This is 
untenable and therefore f(i)(1) must be irrational. 

Also solved by Paul Bracken (Canada), Erhard Braune (Austria), Xi Chen (student), Con Amore 
Problem Group (Denmark), Kee-Wai LJau (Hong Kong), John S. Sumner and Kevin L. Dove, and the 
proposer. 

An application of Casey's power theorem December 1991 

1386. Proposed by Jiro Fukuta, Motosu-gun, Gifu-ken, Japan. 

Let ABC be an acute-angled triangle, let H be the foot of the altitude from A, and 
let D, E, Q be the feet of the perpendiculars from an arbitrary point P in the triangle 
onto AB, AC, AH, respectively. Prove that 

lAB AD -AC -AEI = BC PQ, 

where AB, AD,... denote the length of segments AB, AD, . 
I. Solution by the University of Wyoming Problem Circle, University of Wyoming, 
Laramie, Wyoming. 

Consider the triangle as situated in the Euclidean plane so that points are vectors, 
and let (U, V) denote the inner product of the vectors U, V. 

Since the point D is the projection of P onto the segment AB, it follows that 
D - A is the orthogonal projection of P - A onto B - A. Thus, 

D -A =( PB---A, B-A) ( B-A) . 
(B - A, B - A) 

Moreover, since D is between A and B, the coefficient is positive. Similarly. 

E - A = (CP - A, C -A) (C - A), 
(C -A, C -A) 

and the coefficient is positive. Therefore, 

AB AD=-(P-A,B-A) and AC AE=(P-A,C-A). 

Consequently, 

AB AD -AC AE = (P-A,B - C) = (P- Q,B - C) + (Q -A,B - C). 

Since both segments BC and PQ are perpendicular to AQ, it follows that the vectors 
B - C and P - Q are parallel and that (Q - A, B - C) = 0. Thus 

IAB AD-AC AEI-I(P-Q,B-C)l =PQ BC. 
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II. Solution by Richard Pfiefer, San Jose State University, San Jose, California. 
The result is an application of Casey's Power Theorem (see R. A. Johnson, 

Advanced Euclidean Geometry, Dover Publications, Inc., New York, 1960, pp. 86-87): 
"The difference of the powers of a point with regard to two nonconcentric circles is 
twice the product of the distance between their centers by the distance from the point 
to the radical axis of the circles." That is (see figure), 

AD AB -AE - AC = 2C1C2 AX. 

Now let C1 and C2 be the midpoints of PB and PC. Then P is on the radical axis, 
PQ is the distance from A to the radical axis (i.e. PQ =AX) and C1C2 = 2BC. 
Applying Casey's Power Theorem yields 

AD *AB -AE *AC= BC PQ. 

Note: Casey's Power Theorem is valid if signed (directed) distances are used, so 
the notation above obviates the use of absolute values. Also, the triangle ABC need 
not be acute-angled, and P can be any point in the plane (even a vertex). 

AD * AB -AE AC = 2C1C2 * AX. 

Also solved by Karen Anewalt, Seung-Jin Bang (Korea), Francisco Bellot and Maria Ascension L4pez 
(Spain), Paul Bracken (Canada), Xi Chen (student), Con Amore Problem Group (Denmark), Miguel 
Amengual Covas (Spain), H. Guggenheimer, Thomas E. Gantner, David Hankin, Francis M. Henderson, 
John G. Heuver (Canada), R. Daniel Hurwitz, Geoffrey A. Kandall, Kiran S. Kedlaya (student), Vdclav 
Konecny, Neela Lakshmanan, Ty Nguyen Le, Helen M. Marston, Ralph Merrill, Roger B. Nelsen, Billy D. 
Read, Harry D. Rudernan, Volkhard Schindler (Germany), John S. Sumner, Michael Vowe (Switzerland), 
David-Zhu (student), Weiwei Zhu (student), and the proposer. 

An application of the Weierstrass approximation theorem December 1991 

1387. Proposed by Kenneth Stolarsky, University of Illinois at Urbana-Champaign, 
Urbana, Illinois. 

Given e > 0 and a function f(x), continuous on oo, oo), must there exist a 
function g(x), continuous on [0, 1], such that 

inf< ( max Ig(x) -f(x +y)l) > ? 
- 0< ,<r 00 x 1 <r_ 
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Solution by Adam Riese, Wright State University, Dayton, Ohio. 
Let S = {f,, f2,...,,... } be a countable set of continuous functions on [0, 1] and 

let S be dense in C[O, 1], the set of all continuous functions on [0, 1]. (By the 
Weierstrass Approximation Theorem, S can be chosen to be the set of all polynomials 
with rational coefficients.) Let 

0O, if x 1, 
f (x) = f,(x - 2n), if 2n Ax <2n + I for some n > 0, 

t(2n -x)f,-l() + (X + 1- 2n)fj), if 2n-1 <x<2n forsome n>0, 

where fo(l) = 0, which is a continuous function. 
Then for any continuous function g(x) and each e > 0 there exists n such that 

Ifn(x) - g(x)l < E for all x E [0,1]. Hence maxo0< < 1Ig(x) -f(x + 2n)1 < E and thus 
inf_-,O< y<,,(maxo <X <11g(x-f(x + ODl = ?. 

Also solved by Xi Chen (student), Con Amore Problem Group (Denmark), Yuanan Diao, Thomas E. 
Gantner, Reiner Martin (student), Northern Kentucky University Problem Grouip, John Sutmner and Kevin 
L. Dove, Chengmin Yang, and the proposer. There was one incorrect solution. 

Answers 
Solutions to the Quickies on page 349. 

A797. We rewrite S in the form 

S= sin2 x+sin2y+2cos asinxsiny+2(k-cosa)sinxsiny 

and it then follows easily that 

S = sin2a + 2(k - cos a)sin x sin y 

=sin2a+ (k-cos a)(cos(x-y) -cos(x+y) ). 

Case 1. k > cos a. 

max S = sin2a + (k - cos a)(1 - cos a) = (1 + k)(1 - cos a), 

min S = sin2 a. 

Case 2. k <cos a. 

min S = (1 + k)(1 - cos a), 

max S = sin2 a. 

This problem was suggested by the following Quickie problem by the late Joe 
Konhauser (private communication). 

From a point A on the circular arc (radius R) of a sector of a nonobtuse angle a, 
drop perpendiculars to the sides. If the two feet are B and C, determine the extreme 
values of BC. Since OBAC is cyclic, the circumradius of ABC is the same as that of 
OBA, which is OA/2 since / OBA is a right angle. Then since the product of the 
sides of triangle BAC = 4 X its circumradius x its area, 

bc * BC = 4(R/2)(bc sin(7r -a))/2, 

or BC = R sin a = constant. 
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B c 
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b 

a 

0 C 

A798. When i is even, xi and yi have the same parity. When i is odd they have 
opposite parity. Since there are 7 odd i between 1 and 14, for a partition to exist 
there must be an odd number of odd integers modulo 28, a contradiction. 

A799. The maximum is n + 1. The convex hull C of the set V of all 2n + 2 vertices is 
a polyhedron with vertices in V. Since C is nondegenerate, C has at least n + 1 
vertices, none of which lie in the interior of S1 or S2. Thus al + a2 < (2n + 2) - 
(n + 1) = n + 1. Equality can be attained when S1 lies inside of S2, for instance. 

Comments 

Readers may be interested in knowing that timely solutions to the Putnam 
problems are available by way of the USENET newsgroup sci.math. The solutions 
found therein are due to Dan Bernstein, New York University, and are posted within 
two days of the examination. Readers of the newsgroup contribute to a lively 
exchange of comments and alternative solutions. The solution to Problem A-4 on the 
1991 exam, that appeared in the April issue of this MAGAZINE, can be traced back to 
Professor Bernstein. He plans to continue this service for future examinations. 

1365. Ernest B. Leach Mayfield Heights, Ohio, notes that the term identric mean 
was coined in a series of papers [2], [3], and [4]. These papers investigate the various 
relationships between a family of means of the form 

( ys sX s) /S ) 
/(s 

) E(r, s; x,y) - (y:z::xr) 1/(sr 

where x # y, x > 0, y > 0, r # s. The function is extended to be continuous (and even 
analytic) for all (r, s; x, y) satisfying x > 0, y > 0. The identric mean is defined as 
E(r, r; x, y), the name being motivated by the identity relation r = s. Its importance 
in the theory lies in the fact that ln E(r, s; x, y) is the integral average of values 
ln E((, u; x, y), for a in the interval [r, s]. Among many other things, it is shown that 
E(r, s; x, y) increases with an increase of r or s. The solution to 1365 follows, since 
the problem is equivalent to proving that E(1/2, 1; x, y) <E(1, 1; x, y). The case 
E(1, 1; x, y) was studied much earlier by Cisbani in [1]. 

ADDITIONAL REFERENCES 

1. R. Cisbani, "Contributi alla teoria delle medie I," Metron, 13 (2) (1938), 23-34. 
2. E. B. Leach and M. C. Sholander, "Extended mean values," Amer. Math. Monthly, 81 (1974), 879-883. 
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3. E. B. Leach and M. C. Sholander, "Extended mean values II," J. Math. Anal. Appl. 92 (1983), 
207-223. 

4. E. B. Leach and M. C. Sholander, "Multivariable extended mean values," J. Math. Anal. Appl. 104 
(1984), 390-407. 

Using the notation established in Solution III of 1365, Heinz-Jiirgen Seifert, 
Germany, has shown (unpublished) that 

Gexp(ALL) =ex 

This result implies many inequalities, such as, GA < LI. He also has the following 
improvement: Define M = M(a, b) = (b - a)/(4 arctan( ) -a I). Then L < M < 
I, with equality if and only if a = b. 

Q787. Kiran S. Kedlaya, (student), Georgetown Day High School, gives the follow- 
ing solution to Q787. Suppose tan nx is defined for all n and limn,1 ootan nx = L. Then 
lim nootan(n + 1)x = L as well. Taking limits on each side of 

t tan(n_+ _)x - tan nx 
1 ++tan(n+ 1)xtannx 

gives tan x = (L - L)/(1 + L2) 0, so that x = k7r, which is a necessary (and clearly 
sufficient) condition. 

An even more succinct solution is given by Bruce Reznick, University of Illinois, 
Urbana. Let {t} denote the fractional part of t. Then {na} is an arithmetic progression 
(mod 1) and so converges if and only if a E Z. But tan nx = tan 7T{(nx)/IT} and 
IT{(nx)/IT} E [0, I) on which tan is one-to-one. Thus, if tan nx converges then 
{(nx)/1J} must be 0 for all n. 

Proof without Words 

If circle el passes through the centre 0 of circle e2, the length of the common 
chord AB is equal to the tangent segment AC. 

-R. H. EDDY 

MEMORIAL UNIVERSITY OF NEWFOUNDLAND 

ST. JOHN'S, NEWFOUNDLAND 

CANADA AlC 5S7 
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PAUL J. CAMPBELL, editor 
Beloit College 

Assistant Editor: Eric S. Rosenthal, West Orange, NJ. Articles and books are selected for this 
section to call attention to interesting mathematical exposition that occurs outside the main- 
stream of the mathematics literature. Readers are invited to suggest items for revietv to the 
editors. 

Peterson, I., Primality tests: An infinity of exceptions, Science News 142 (19 Septem- 
ber 1992) 182. Devlin, Keith, There are infinitely many Carmichael numbers, Focus 
12(4)(September 1992) 1-2. Granville, Andrew, Primality testing and Carmichael num- 
bers, Notices of the American Mathematical Society 39(7)(September 1992) 696-700. 

Fermat's Little Theorem says that if p is prime, then for any a, p divides aP - a, more 
customarily written aP-1 _ 1 (mod p). The converse is false, as R.D. Carmichael (1878?- 
1967) discovered in 1910 (try 561); composites that satisfy the division criterion for all a 
are called Carmichael numbers. They are rare (43 of them less than 1,000,000), but they 
had been completely characterized by Korselt in 1899: n is Carmichael iff n is squarefree 
and p-1 divides n-1 for all primes p that divide n. (Since Korselt did not exhibit any, they 
are not called Korselt numbers.) Carmichael listed 15 of them and footnoted that "This 
list might be indefinitely extended." His use of "might" seems to imply uncertainty. Other 
mathematicians were uncertain, too, until now. Thanks to a prQof by Red Alford, Andrew 
Granville, and Carl Pomerance (University of Georgia), we know that for sufficiently large 
N, there are more than N217 Carmichael numbers. These three expository articles are 
listed in order of increasing detail and sophistication. Curiously, none gives Carmichael's 
first name or initials, nor citations to his papers (On composite numbers P which satisfy 
the Fermat congruence aP-1 1 (mod P), Amer. Math. Monthly 19 (1912) 22-27, which 
expands on an announcement in Bull. Amer. Math. Soc. 16 (1910) 237-238). 

Bombieri, Enrico, Prime territory: Exploring the infinite landscape at the base of the 
number system, The Sciences (September/October 1992) 30-36. 

"What is a prime number, and what makes it so special? ... [W]hat properties of primes 
are worthy of serious attention ... ? ... [H]unting for the largest perfect number today 
yields only trophies for the curio shop. ... Is the nonexistence of odd perfect numbers 
an interesting problem? ... [T]he interest for problems of this kind is 'practically nil.' In 
my opinion what would be of real interest would be to show that certain problems of that 
kind are truly undecidable ... ." Bombieri, one of the world's leading number theorists, 
shows beautifully how the distribution of primes can be analyzed by means of harmonic 
analysis of waveforms, and goes on to state his opinion that the Riemann Hypothesis- 
whose truth he accepts on the grounds of parsimony and esthetics-is "the most important 
unsolved problem in mathematics today." He concludes by alluding to the uses of primes 
in cryptography. Was he is thrilled at the news of an infinity of Carmichael numbers? We 
will have to hear from him again. 

Apostol, Tom, et al., A Century of Calculus, 2 vols., MAA, 1992; xv + 462 pp and xvi + 
481 pp, $36(P) each. ISBN 0-88385-205-5, 0-88385-206-3 

The first of these volumes was originally published as Selected Papers on Calculus (1969), 
the selections being from the Monthly and this MAGAZINE. The second volume contains 
reprintings from the years 1969-1991 from the same publications plus the College Math. J. 
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Rabinowitz, Stanley (ed.), Index to Mathematical Problems 1980-1984, MathPro Press 
(P.O. Box 713, Westford, MA 01886), 1992; xii + 532 pp, $49.95. ISBN 0-9626401-1-5 

This innovative and much-needed volume contains all of the more than 5,000 problems (and 
none of the solutions) from 28 mathematical journals and 16 contests from 1980 through 
1984, all originally in English. The problems are grouped by subject matter and accompa- 
nied by indexes by journal and problem number, by topic, by keyword, and by author. A 
well-known problemist and problem editor, Rabinowitz will publish in a subsequent vol- 
ume English translations of problems from other journals; he hopes to publish additional 
indexes, working backward and forward five years at a time. The task is monumental, and 
the mathematical community will be greatly in Rabinowitz's debt. 

Gordon, Florence, and Sheldon Gordon (eds.), Statistics for the Twenty-First Century, 
MAA, 1992; xii + 318 pp, $22(P). ISBN 0-88385-078-8 

A more apt title would be Statistics Education for the Twenty-First Century, as another 
MAA Notes volume (Perspectives on Contemporary Statistics, edited by David C. Hoaglin 
and David S. Moore, 1992) treats statistics itself. The book at hand concentrates on 
pedagogical aspects for the "first" statistics course ("the last course in statistics for the 
overwhelming majority of students"). Particularly notable is the article by Ruma Falk and 
and Clifford Konold, which brands as a grave mistake the now-conventional wisdom that 
statistics educators should teach as little probability as necessary for learning statistics. 
This volume also includes bibliographies of materials and case studies and a guide to 
electronic newsgroups. 

Peterson, Ivars, Shuttle liquids: Taking coffee-cup mathematics into orbit, Science News 
142 (22 August 1991) 124-125. Concus, Paul, and Robert Finn, Math results on capillary 
surfaces to be tested in space, SIAM Review (March 1992) 8-9. 

The June 25 flight of the space shuttle Columbia carried an experiment devised by two 
mathematicians to test the geometry of liquid surfaces in containers of unusual shape. 
The experiment has practical importance for understanding how liquids behave in space. 
The theoretical results of Concus (Lawrence Berkeley Laboratory) and Finn (Stanford 
University) predict that symmetric configurations may be unstable and have higher energy 
than unexpected asymmetric shapes. How closely did the experiment agree with theory? 
Concus and Finn won't know until they have analyzed in detail the videotapes of the 
experiment. Finn, who started out as an engineer before becoming a mathematician, 
remarked: "I thought I had escaped all that physical reality that I didn't want to have 
anything to do with, but now it's more fun. I think mathematics should get motivational 
input from outside-from the rest of science. Otherwise mathematics dies out." 

Peterson, Ivars, and Carol Ezzell, Crazy rhythms: Confronting the complexity of chaos in 
biological systems, Science News 142 (5 September 1992) 156-159. Garfinkel, Alan, Mark 
L. Spano, William L. Ditto, and James N. Weiss, Controlling cardiac chaos, Science 257 
(28 August 1992) 1230-1235. 

Researchers have been able to stabilize cardiac arrhythmias in rabbits by administering 
electrical stimuli according to a "chaos control" strategy. Their work lends hope that 
chaos theory may lead to development of "smart" cardiac pacemakers for humans. But 
are cardiac fibrillations a symptom of a deterministic system naturally exhibiting chaos, or 
are they simply random? A chaotic system gives the appearance of randomness because 
it is continually switching from an unstable motion of one period to another unstable 
motion with a different period. So some of what has been identified by physical scientists 
as chaotic behavior may in fact be just randomness. 
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Kerr, Richard A., From Mercury to Pluto, chaos pervades the solar system, Science 257 
(3 July 1992) 33. 

A major achievement of Newtonian physics was explaining and predicting the orbits of the 
planets. Now we know, from calculations for the next 100 million years, that every one of 
the planets in the solar system has a chaotic orbit. Resonances between planets "pump 
up" planetary chaos; but still, the planets appear constrained-over the 100 million years, 
"they do not fly out of their orbits." The constraints may be secondary resonances. 

Maddox, John, Why pebbles float to the surface, Nature 358 (13 August 1992) 535. 

When you shake a pail containing a mix of sand and pebbles, the pebbles tend to rise to the 
top. Now there is a simple explanation, based on a geometrical model and simulations by 
French researchers. After each shaking, the pebbles tend to have small "voids" underneath 
them, which are filled in (and then some) on the next shaking by sand grains; so the pebbles 
can move only upward. The process seems to work for a variety of materials, provided 
that the "pebble" diameter is at least (about) 2.8 times the diameter of the "sand grain." 

Olkin, Ingram, Reconcilable differences: Gleaning insight from conflicting scientific studies, 
The Sciences (July/August 1992) 30-36. 

Citing numerous examples of its success, statistician Olkin makes the case for meta- 
analysis, the quantitative combining of information from conflicting independent studies 
of the same phenomenon. Olkin explains the use of effect size as an important mea- 
sure in meta-analysis, cautions against injudicious use, and urges a national registry of 
experimental results (published or not). 

Simon, Barry, Symbolic math software: It's not just for mainframes anymore, PC Magazine 
11(14)(August 1992) 405-432. Simon, Barry, Comparative CAS reviews, Notices of the 
American Mathematical Society 39(7)(September 1992) 700-710. 

Simon, a mathematician at Caltech, offers in PC Magazine a comparative review of com- 
puter algebra systems (CAS) for PCs (386 or better): Derive, Maple V, Mathematica 
(both DOS and Windows versions), and Reduce, with a sidebar on MathCAD. The review 
cites general results (including wrong answers!) from using the packages on a test suite of 
20 problems. The specific problems and their solutions are in the second article. 

World checkers champ wins against computer, Wisconsin State Journal (30 August 1992) 7A. 
Checkers crown eludes computer, Science News 142 (3 October 1992) 217. 

Marion Tinsley, semiretired mathematician, has won the World Draughts Championships 
for the 19th straight year, this time against the computer program Chinook, devised by 
computer scientist Jonathan Schaeffer (University of Alberta). The score was 4 wins for 
Tinsley (2 on computer glitches), 2 for Chinook, and 33 draws, over 13 days. Chalk up 
losses #6 and #7 for Tinsley over the last 42 years. (For more about Chinook and Tinsley, 
see: The checkers challenge: A checker-playing computer program contends for the world 
title, by Ivars Peterson, Science News 140 (3) (20 July 1991) 40-41.) 

Van Gelder, Lawrence, Cosmic meaning, eyelashes and zero, New York Times (1 August 
1992) The Arts. 

This piece is a review of a show that you probably won't ever get to see: "My Mathemat- 
ics," written and performed by Rose English, with music by Ian Hill. Part of the Serious 
F'un festival at Lincoln Center in New York, this mostly one-woman show also featured C 

stallion named "Mathematics." Despite "references to zeros" and invoking "the relation- 
ship between nought and zero and nothing," reviewer Van Gelder feJt that the performance 
"seems to be one of those enterprises that speak with more coherence to its creator than 
to its audience." Hmmn ... perhaps an appropriate and perceptive title, after all. 
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for C SAotb 0h 0IeOc1ers 

A SOURCE BOOK FOR 
COLLEGE MATHEMATICS 
TEACHING 
Alan Schoenfeld, Editor. 
Prepared by the Committee on the 
Undergraduate Teaching of Mathematics 

Do you want a broader, deeper, more suc- 
cessful mathematics program? This Source 
Book points to the resources and perspec- 
tives you need. 

This book provides the means for improv- 
ing instruction, and describes the broad 
spectrum of mathematical skills and per- 
spectives our student should develop. The 
curriculum recommendatons secton shows 
where to look for reports and course re- 

sources that will help you in your teaching. 
Extensive descriptions of advising programs 
that work is included, along with sugges- 
tions for teaching that describe a wide range 
of instructional techniques. You will learn 
about how to use computers in your teach- 
ing, and how to evaluate your performance 
as well as that of your students. 

Every faculty member concerned about teach. 
ing should read this book. Every admin- 
istrator with responsibility for the quality of 
mathematics programs should have a copy. 

80 pp., 8990, Paper, 
ISBN 0-88385-068-0 

List $10.00 
Catalog Number SRCE 

ORDER FROM 
The Mathematical Association 
of America 
1 529 Eighteenth Street, N.W. 
Washington, D.C. 20036 

Joe Roberts 
In some small way, this book is an introduc- 
tion to the mythical book called The Book of 
Integers, which has on page n all of the 
interesting properties of the integer n. This 
introduction stems the author's casual accu- 
mulation of numerical facts over a period of 
many years. Most of the mathematics pre- 
sented belongs to elementary mathematics 
in the sense that no deep or profound math- 
ematical background is required to follow 
what is said. References are provided for 
further study. 
300 pp., Paperbound, 1992 ISBN0-88385-502-X 
List price $25.00 MAA Member $17.50 

The Mathematical Association of America 
1529 18th Street, NW 
Washington, DC 20036 
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Perspectives on Contemporary Statistics 
David C. Hoaglin and David S. Moore, Editors 

This book is a must for anyone who teaches statistics, 
particularly those who teach beginning statistics- 
mathematicians, social scientists, engineers-as well 
as for graduate students and others new to the field. 
The authors focus on topics central to the teaching of 
statistics to beginners, and they offer expositions that 
are guided by the current state of statistical research 
and practice. 

Statistical practice has changed radically during the 
past generation under the impact of ever cheaper and 
more accessible computing power. Beginning in- 
struction has lagged behind the evolution of the field. 
Software now enables students to shortcut unpleasant 
calculations, but this is only the most obvious conse- 
quence of changing statistical practice. The content 
and emphasis of statistics instruction still needs much 
rethinking. 

This volume assembles nine new essays on important 
topics in present-day statistics that will influence the 
teaching of statistics at the college level and else- 
where. Students approach statistics with various lev- 
els of mathematical preparation and from diverse 
disciplinary backgrounds. Accordingly, the chapters 
present modem perspectives on central aspects of 
statistics and emphasize the conceptual content that 
should accompany all varieties of beginning instruc- 
tion. 

The book opens with a contemporary overview of 
statistics as the science of data- a view much broader 
than the "inference from data" emphasized by much 
traditional teaching. The next two chapters discuss 
the philosophy and some of the tools used in data 
analysis and inference, and its implications for teach- 
ing. Other chapters examine the science of survey 
sampling, essential concepts of statistical design of 
experimentation, contemporary ideas of probability, 
and the reasoning of formal inference. The book 
concludes with introductions to diagnostics and to the 
alternative approach embodied in resistant and robust 
procedures. 

252 pp., Paperbound, 1991 
ISBN 0-88385-075-3 
Price: $20.00 

ORDER FROM: 

Mathematical Association of America 
1529 Eighteenth Street, N.W. 
Washington, DC. 20036 
(FAX) (202) 265-2384 

&2Y~ Title Price 

Name 

Address Payment O Check O VISA/MASTERCARD 

City__ State Zip Credit Card No. Total $ 
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GEOMETRIES 
Marta Sved 

This charming book introduces us to topics in hyper- 
bolic geometry in a delightfully informal style. Early 
in the 19th century, Janos Bolyai created "non-Euclid- 
ean" geometry, discovered independently by two other 
mathematicians of Bolyai's day, Gauss, and 
Lobachevsky. At the time these concepts were too 
revolutionary to make a serious impact. However, later 
developments in relativity theory and twentieth cen- 
tury perceptions made hyperbolic geometry an integral 
part of geometry, logically as perfect as classical geom- 
etry, yet still strangely surprising. 

JOURNEY INTO GEOMETRIES can be read at two 
levels. It can be studied as an informal introduction to 
post-Euclidean geometry, brought to life in dialogues 
between three fictitious figures: a somewhat grown up 
Alice, Lewis Carroll and their visitor from the Twenti- 
eth century, Dr. Whatif. It also can serve as background 
material for university students, for the material pre- 
sented in the text is extended by carefully selected 
problems. The background required is minimal, stan- 
dard high school geometry, yet the serious student, 
aided by problems attached to each chapter, should 
acquire a deeper understanding of the subject. 

192 pp., Paperbound, 1991 
ISBN 0-88385-500-3 

List: $21.00 MAA Member: $14.00 

Catalog Number JOG 

S CL trttC 0 

ORDER FROM: 

Mathematical Association of America 
1529 Eighteenth Street, N.W. 
Washington, DC. 20036 
(FAX) (202) 265-2384 

Prepaid orders sent postage & 
handling free. Visa and Mastercard 
orders accepted. (Please give the card 
number and expiration date on credit 
card orders) We will bill for orders 
over $10.00. 
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PROBLEMS FOR 
MATHEMATICIANS 
Young and Old 
Paul R. Halmos 

This is a book of problems for mathematicians 
at all levels. Halmos says: "I wrote this book for 
fun. It was fun indeed-the book almost wrote 
itself. It consists of some of the many problems 
that I started saving and treasuring a long time 
ago. Problems came up in conversations with 
friends, and in correspondence, and in books 
and in lectures. I enjoyed them, thought about 
them, tried to solve them, tried to change them, 
and tried to think of new ones, and then I tried to 
organize and write down the ones I was fondest 
of-and this book is the result." 

The problems come complete with their state- 
ments, hints, and solutions. The purpose of the 
statements is to stimulate thought. The reader 
is asked to think of extensions and improve- 
ments of the results asked for. The hints are 
intended to get the reader to look in a possibly 
profitable direction. The solutions may some- 
times be "wrong," or "partially wrong," and then 
corrected. The solutions make no pretense of 
being the best, the shortest, the most elegant or 
even complete, but their purpose is to have the 
reader solve the problem, and to enjoy doing so. 

Some of the problems can be solved by high 
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